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ABSTRACT
MATERIALLY NONLINEAR FINITE ELEMENT 
ANALYSES OF TRUSSES AND SLAB-ON-GRADE PROBLEMS
Moayyad Moh’d Al-Nasra 
Old Dominion University, 1992 
Advisors: Dr. Due T. Nguyen and Dr. Leon R.L. Wang
The overall approach is to employ the finite-element method along with specified 
material models to account for material nonlinearity. This study includes two 
different applications: truss structures and slabs-on-grade.
Procedures for materially nonlinear analysis of truss structures, which apply for 
both determinate and indeterminate cases are proposed. The proposed procedures 
are simple and can handle a variety of different stress-strain functions, and the 
applied load does not have to be incremental. Proposed procedures results’ are 
verified with the output of NASTRAN.
A finite-element model for slab-on-grade is introduced. The concrete slab is 
represented by eight-node brick elements, and the joints and the subgrade are 
represented by boundary (spring) elements. The boundary elements are non-tension 
elements in order to represent the warping effect. A general approach for nonlinear 
analysis of slab-on-grade based on finite element is developed.
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The field test was conducted on floor slabs. The test focused on the warping of 
floor slabs and edge loading of a warped slab. Twelve floor slabs were included in 
the test.
The theoretical finite-element results for the slab-on-grade problem are 
compared with the experimental measurements. The effects of temperature and 
moisture gradients, the concrete slab thickness, the modulus of the subgrade reaction, 
and the concrete modulus of elasticity on the warping of floor slabs are studied. 
Different joint conditions are also covered in this study. A parametric study is 
performed on the edge and corner loading of a typical floor slab.




Large-scale finite-element structural analysis problems require large amounts of 
central processing unit (CPU) computer time and storage. It is not practical to solve 
these problems by sequential computers. Recently with the development of super­
computers large scale problems and complex structural systems that require detailed 
finite element models have become tractable problems for researchers.
A parallel computer works by basically executing various components of a given 
problem concurrently by a specified number of processors. A vectorized parallel 
algorithm is the most efficient and time-saving algorithm that applies to parallel and 
vector computers. The optimum number of processors that can be utilized to do 
parallel work depends on the algorithm and the quality of the parallel computer. The 
processors have the capability to communicate with each other in accordance with 
the type and extent of interconnectivity in the system.
During recent decades, the finite element method of analysis has rapidly become 
a very popular technique for the computer solution of complex problems in 
engineering. Basically, the method can be understood as an extension of earlier 
established analysis techniques, in which a structure is represented as an assemblage 
of discrete truss and beam elements. The same matrix algebra procedures are used,
1
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but instead of truss and beam members, finite elements are employed to represent 
regions of plane stress, plane strain, axisymmetry, and three-dimensional plate or 
shell behavior.
The finite element method in its application is dependent on the skilful use of 
computers and efficient programming techniques. With the advent of digital 
computers, discrete problems can generally be solved readily even if the number of 
elements is very large. As the capacity of all computers is finite, continuous problems 
can be solved exactly only by mathematical manipulation.
The advanced development of finite-element techniques helps increase the use of 
new materials having nonlinear properties. Design requirements for structures which 
must survive under extreme conditions urge the development of optimal process with 
nonlinear finite element structural analysis techniques.
From the structural mechanics point of view, a structural problem is called 
nonlinear if the stiffness matrix or the load vector depends on the displacements. 
Nonlinearity in structures can be classed as material nonlinearity when it is 
associated with changes in material properties, or geometric nonlinearity associated 
with changes in configuration. Many physical solutions present nonlinearities too 
large to be ignored. A Stress-strain relation may be nonlinear in either a time- 
dependent or a time-independent way. A change in configuration may cause loads 
to alter their distribution and magnitude. Thus, the nonlinear effects may vary in type 
and may be mild or severe.
2
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There are various solution methods for solving nonlinear systems. Each method 
has its own advantage and disadvantage. A single-solution method will not always 
work well and may not work at all for some problems.
The linear-elastic finite-element models can be significantly improved by assuming 
a nonlinear-elastic stress-strain relationship in secant-modulus form. The most 
prominent models of this class are the "hyperelastic" type, which approximates a path- 
independent reversible process with no memory. Differential or incremental material 
models are known as the "hypoelastic" type of formulation. The hypoelastic model 
approximates a path-dependent irreversible process with limited memory and no 
pronounced reference state.
The hyperelastic formulations can be quite accurate for all cases of proportional 
loading. This model is used quite often for concrete structures. The hyperelastic 
model encounters difficulty identifying inelastic deformations. This can, to some 
extent, be rectified by introducing unloading criteria as in the deformation theory of 
plasticity.
The hypoelastic model with variable moduli of tangential material stiffness 
describes the instantaneous behavior directly in terms of rates of stress and strain 
tensor. However, the hypoelastic type of formulation encounters two inherent 
difficulties in the construction of its constitutive relations. The first is the 
complication of the instantaneous material stiffness matrix, which becomes 
anisotropic in the nonlinear range even if the initially linear behavior is isotropic. 
The second difficulty is related to appropriate criteria for loading and unloading.
3
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\ 2  OBJECTIVES
The following are the main objectives of the present study :
a.) To develop an efficient materially nonlinear finite-element procedure to apply to 
truss structures.
b.) To apply this procedure to parallel computers.
c.) Similarly, to develop a theoretical model for a slab-on-grade that better describes 
the behavior of floor slabs under warping effects and under applied loads with both 
sequential and parallel computational techniques.
d.) Also to verify the theoretical results with the experimental measurements.
13 SCOPE OF STUDY 
A.) Truss structures
In the truss problem, the following are studied :
1.) Employing different stress-strain functions to account for material nonlinearity.
2.) Calculating the computational speedup and efficiency using a number of different 
processors.
3.) Verifying and comparing the proposed procedure with an existing finite element 
code - NASTRAN.
B.) Slab-On-Grade 
In the slab-on-grade problem, the following are studied:
1.) Conducting field tests on slabs-on-grade and collecting experimental 
measurements.
4
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2.) Incorporating materially nonlinear model, cracking model, and tension-stiffening 
model in the finite-element analysis of slabs-on-grade.
3.) Comparing the theoretical results with the experimental measurements.
4.) Studying parametrically slab-on-grade warping, joint conditions, subgrade node 
springs coupling, load placement, crack propagation and crack patterns.
5.) Calculating the computational speedup and efficiency using different numbers of 
processors.
1.4 ASSUMPTIONS AND CONDITIONS
The following basic assumptions and conditions are adopted in the analysis:
1.) Displacements are small for both truss and slab-on-grade problems.
2.) For the slab-on-grade problem, the concrete is isotropic.
3.) The compression force-deformation relationship of the boundary elements is 
linear.
4.) The moisture and temperature gradients are linear across the thickness of the 
slab-on-grade, and both are expressed in terms of an equivalent temperature 
gradient.
5
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CHAPTER TWO 
MATERIALLY NONLINEAR TRUSS STRUCTURES
2.1 INTRODUCTION
Recently nonlinear finite-element analysis became more attractive to researchers 
because of the availability of efficient computers. Gopalakishna and Greimann [23] 
used an incremental iterative approach to account for the nonlinearity in the material 
behavior utilizing the Newton-Raphson procedure, in which the equilibrium equation 
is differentiated in each iteration and then solved to obtain incremental gradients. 
The incremental gradients are then updated to obtain total gradients. This procedure 
takes large amounts of central processing unit (CPU) computer time that might be 
impractical to use for large-scale problems. This method also fails to solve the multi­
curvature stress-strain relationship.
Wong and Tin-Loi [47] used a novel incremental method for both geometrical and 
material nonlinearity, in which a path linearization strategy is used to link directly a 
geometrical nonlinear formulation to a small displacement elasto-plastic analysis that 
has been applied to framed structures. This method deals with special cases whose 
stress-strain relation is linear elastic perfectly plastic. These are two separately 
developed formulations, namely those for a large deformation (purely elastic) analysis 
and for a small displacement (elastic perfectly plastic) analysis. A linearization 
scheme is used to link the two parts.
6
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Meek and Loganathan [29] used an incremental iterative technique based on the 
arc length method combined with Newton-Raphson method. This method is derived 
for beam-column problems that deal with special cases of material nonlinearity, 
basically inelastic analysis combined with geometrical nonlinearity.
2 2  MATERIALLY NONLINEAR ANALYSIS
The stress-strain relationship varies for different materials. Even for the same 
material, the stress-strain relation is not unique, due to many factors such as loading 
conditions, the history of loading, homogeneity, continuity, etc.
One of the most powerful computer programs is NASTRAN, which can handle 
general cases of nonlinear finite element problems. The acronym NASTRAN is 
formed from NAsa STRuctural ANalysis. NASTRAN is used in the present study to 
verify the results of the proposed procedure.
For materially nonlinear analysis of truss structures, NASTRAN uses piecewise 
linear stress-strain functions to describe material nonlinearities. The linear elastic 
modulus ,E0, is used for the first increment. For all succeeding increments, the 
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The element-stiffness matrix for the plane truss transformed to the global 




C2 SC -C 2 -SC 
SC S2 -SC -S 2 
-C 2 -SC C2 SC 




A = area of the element, a = angle at which the member is inclined with respect to 
the global coordinates (degrees). The length, L, may be computed from the 
coordinates of the member end points, i and j.
L-i/(xj- xi)2+(yj-yi)2 (2.5)
For the space truss, the element-stiffness matrix in global coordinates is defined
as
8
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c 2 X CyC* C CI  X - c 2 x - C  cy x - C  Cz x
c  cx y c 2 y C*Cy “CxCy - C 2 ^  y - C zCy
c , c z c  cy z - c  CX 7. - C yCz - C 2 Z
“ C 2 , - c cy x - C A c 2 X CyCx c c2 X
~CxCy - c 2 y _ C A c cx y C 2y C A
- C A - C Cy z - c \ c  cx z C Cy z c 2 z .
where
(2.6)
X . - X ;
C --L -L  
x L
(2.7)
c  - y r y i 
* “I T
(2.8)
^  z k_ z iC  i
1 L
(2.9)
The length, L, of the member may also be computed from the coordinates of the 
member end points, j and k.
L-^(xk-xj)2+(yk-yj)2+(zk-zj)2 (2.10)
The value of the modulus of elasticity, E, changes for each element in the case of 
materially nonlinear analysis. Consequently, the stiffness matrix will be updated with 
the updated values of the modulus of elasticity. The global stiffness matrix can be 
assembled from the element stiffness matrices according to the element-node
9
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connectivity. The displacements in the global coordinates are then calculated from 
the following equation:
[K]{U}-{R} (2-ll)
where [K] is the global-stiffness matrix, iU) is the displacement vector, and iR) is the 
load vector.
2.3 PROPOSED PROCEDURE FOR MATERIALLY NONLINEAR ANALYSIS
The nonlinear stress-strain function is represented as piecewise segments. The 
stress-strain curve is represented by stress-strain points to be used along with a  finite 
element code. The procedure differentiates between determinate and indeterminate 
truss structures.
2.3.1 Determinate Truss Structures 
A planar truss can be thought of as a structural device which constrains j pinned 
joints in a plane. The forces which act on the joints are the member forces, the 
external forces, and the reactions. For each joint we can write two equilibrium 
equations, S i^ -0 , and EFy-0. Thus for the entire truss we can write 2j equations.
The unknown forces to be determined are the member forces and the reaction 
components. Therefore, if the structure is statically determinate, we can write the 
relation
10
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2j-m+r (2.12)
where j is the number of joints, m is the number of elements, and r is the number 
of reaction components. If 2j < m + r, the truss is statically indeterminate. That 
means, there are too many unknowns to be determined from the equations available. 
If 2j > m + r, there are not enough unknowns, or in other words the structure is 
statically unstable.
A space truss can be thought of as a structural device which constrains j ball-and- 
socket-connected joints in space. The forces which act on the joints are the member 
forces, external forces, and the reaction components. Thus, from the three 
equilibrium equations (sF ^-0 , EF^-O, and s F r-0), we can write 3j equilibrium
equations for the entire truss. Thus for the space truss to be statically determined
3j-m+r (2.13)
For conditions where 3j < m + r, the truss is statically indeterminate. If 3j > m +r, 
the structure is statically unstable.
Figure 2.1 shows presentation of the proposed procedure. The incremental increase 
in the applied load, APj, increases the stress level in a member from a-3 to oJ+1. The 
strain, Cj, corresponding to the stress a-3 is calculated as follows:
11
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Also the strain, ej+15 corresponding to the stress level crj+1 can be calculated as 
follows:
eM"(€r ej)+ej+ E  (ek-£k-i)+
i+n+l
(2.15)
The new equivalent modulus of elasticity for the load increment APj is calculated 
as follows:
This procedure is simple and noniterative. The increase in the computational time 
due to the increase in the number of segments representing the stress-strain functions 
is negligible. The applied load does not have to be incremental. One load increment 
is sufficient regardless of the degree of nonlinearity.
2.3.2 Indeterminate Truss Structures 
An improved secant method is used to analyze materially nonlinear indeterminate 
truss structures in which a convergence accelerator is incorporated. Steffensen’s 
method [14] is used to accelerate the convergence of the secant method, which can 
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G ^E pE ^-E ,- (ErE0)2
(E2-2E j+E0)
(2.18)
g(E>t)  is the given function, j is the cycle number, and i = 0,1,2.
Figure 2.2 shows the presentation for the secant method, in which the initial 
modulus of elasticity , E0, is used as the first iteration. For a given stress, cr, the
strain is calculated from the following equation
' E ;
(2.19)
The stress, cr, corresponding to the strain, €., is found from the stress-strain table. 
Thus, the updated modulus of elasticity becomes
E - -  K i  - (2.20)
2.3.3 Solution Algorithm - Materially Nonlinear Truss Analysis
INPUT; Number of nodes, number of elements, nodes coordinates, element-
nodes connectivity, elements area, stress-strain data points, applied 
loads, tolerance TOL, and maximum number of iterations IMAX.
OUTPUT; Stresses and forces for each element, and displacements for each node.
STEP 0: Set the current modulus of elasticity, E, equal to the initial modulus of
elasticity, E0.
STEP 1; If the truss is statically indeterminate, go to step 8.
13











E -E 0 (2.21)
Generate element stiffness [k], assemble the global stiffness matrix [K], 
and solve for displacement vector {d}, stress vector {o}, and force 
vector {F}.
From the stress-strain table, find the strain, {e}, corresponding to the 
stress calculated in step 2 for each element.
Calculate the equivalent modulus of elasticity
E ,-— (2.22)
* e
Update the stiffness matrix using the new equivalent modulus of 
elasticity, Ej, from step 4.
Solve for displacements.
Output: displacements, stresses, and forces.
Stop
Set ITER = 1
While ITER < IMAX, do steps 10-16.
Generate element stiffness [k], assemble global stiffness matrix [K], 
Solve for displacements {d}, stresses {a}, and forces {F}.
For each element, calculate the strain using the following equation:
14
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STEP 12: From the stress-strain table find the stress, {cr}, corresponding to the
strain calculated in step 11 for each element.
STEP 13: If ITER is odd, then
E , - l  (2.24)
E -E , (2.25)
Go to step 15
STEP 14: If ITER is even, then
E ,-£ . (2.26)
E -E  — —  (2.27)
0 (E2-2E j+E0)
E0-E  (2.28)
STEP 15: If | E-E, | < TOL, then
Output: displacements, stresses, and forces. 
STOP
STEP 16: Set ITER = ITER +1
Go to step 10
15
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STEP 17: Output (' Maximum number of iteration is reached',IMAX)
2.4 PARALLEL-VECTOR COMPUTATIONAL TIMING
A parallel computation is those several mathematical manipulations that are to be 
executed at the same time by a specified number of processors. The processors have 
the capability to communicate among each other in accordance with the type and 
extent of the interconnectivity provided by the system.
One of the measures of the efficiency of a parallel algorithm is speedup, which is 
defined as follows :
where tj is the execution time spent on a single processor, and tj is the largest 
execution time with i number of processors.
Another measure for the efficient parallel algorithm is the computational 
efficiency, rj;, which is defined as follows :
2.5 Examples
The following are examples for determinate and indeterminate truss structures. 
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2.5.1 Determinate Truss Structures
Two different determinate truss problems are presented in the present study to 
discuss the feasibility and robustness of the proposed procedure. Three- and nine-bar 
trusses are considered as shown in Figures 2.3 and 2.4. The cross-sectional area is 
taken to be identical for all elements (4 in2). Different stress-strain functions are 
covered in the present study as shown in Tables 2.1 through 2.7 and also in Figures
2.5 through 2.11. The material properties in compression are considered identical for 
tension. The load is applied in single increment. The results do not show any 
difference whether a one-load increment or multi-load increments are applied.
Tables 2.8 through 2.16 show the results of stresses, forces and displacements for 
example 1 ( three-bar truss) and example 2 ( nine-bar truss) using different stress- 
strain functions. These results are verified with NASTRAN outputs ( solution 66 for 
materially nonlinear analysis). The linear case ( curve 1) results are also verified with 
the results of a reliable linear finite-element code. A detailed solution for the three- 
bar truss using the stress-strain data points shown in Figure 2.7 and Table 2.3, is 
listed in Appendix A.I. The solution follows the steps mentioned in section 2.3.3.
2.5.2 Indeterminate Truss Structures
Figure 2.12 shows the same three-bar truss as in the previous section, but it is 
made indeterminate by restraining the horizontal movement at joint 1. A detailed 
solution for this truss, using the stress-strain data points shown in Figure 2.7 and
17
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Table 2.3, is listed in Appendix A.2. The solution follows the steps for indeterminate 
truss analysis as shown in section 2.3.3.
2.52.1 Example 3, 100*Stoiy-by-10-Bay Truss Structure 
A large-scale truss structure ( 100 stories by 10 bays, example 3), as shown in 
Figure 2.13, is considered to measure the central processing unit (CPU) 
computational time. The number of nodes is 1111 nodes, and the number of 
elements is 4100 elements. The cross-sectional area ( 9 in2 ) is taken to be identical 
for all elements. The stress-strain function used in this example problem is shown in 
Table 2.17 and Figure 2.14. Some of the results, in terms of nodal displacements and 
element stress, as compared with NASTRAN are presented in Table 2.18.
Table 2.19 shows a summary of the computational timing using different numbers 
of processors applies to the solution of system of simultaneous equations. Figures 
2.15 and 2.16 show bar charts as a representation of the speedup and efficiency using
1,2 and 4 processors on the Cray-2 ( Voyager) machine. The timing routine used in 
this example is SECOND.
2.52 2  Example 4, Three-Dimensional Control Structure Interaction Model (CSI) 
The Control Structure Interaction (CSI) Model is analyzed as a materially 
nonlinear truss structure, in which the original CSI data (beam elements) are 
modified to ensure the stability of the structure. Figure 2.17 shows a three- 
dimensional presentation of the CSI model without the truss diagonals for clarity.
18
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The stress-strain function used in this example is shown in Figure 2.14 and Table 
2.17. The total number of nodes is 472; the total number of elements is 1528. Some 
of the results compared with the output of NASTRAN are listed in Table 2.20. Table 
2.21 shows a summary of the computational timing for the solution of the system of 
linear equations on Cray-2 (Voyager) using the TSECOND timing routine. Figures 
2.18 and 2.19 show bar charts to represent the speedup and the computational 
efficiency of this example.
Table 2.22 shows the comparison between NASTRAN and the proposed procedure 
in terms of CPU execution time on a Control Data Cyber 910 (CDC 910) machine. 
The CDC 910 computer is a non-vector machine and has only one processor. The 
FORTRAN computer program is listed in Appendix C.
19
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Table 2.1: Stress-Strain Data Points, Curve 1.








Table 2.2: Stress-Strain Data Points, Curve 2.








Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
Table 2.3: Stress-Strain Data Points, Curve 3.








Table 2.4: Stress-Strain Data Points, Curve 4.
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Table 2.5: Stress-Strain Data Points, Curve 5.








Table 2.6: Stress-Strain Data Points, Curve 6.
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Table 2.7: Stress-Strain Data Points, Curve 7.








Table 2.8: Three-Bar Determinate Truss, Example 1 - Curve 1.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis
RAN Proc.
1 -.02026 -.12156 -.02026 -.12156 1 -45.0 -45.0
2 0.0 0.0 0.0 0.0 2 56.25 56.25
3 0.0 -.03602 0.0 -.03602 3 -33.75 -33.75
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Table 2.9: Three-Bar Determinate Truss, Example 1 - Curve 2.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis
RAN Proc.
1 -.02438 -.16335 -.02438 -.16335 1 -45.0 -45.0
2 0.0 0.0 0.0 0.0 2 56.25 56.25
3 0.0 -.04701 0.0 -.04701 3 -33.75 -33.75
Table 2.10: Three-Bar Determinate Truss, Example 1 - Curve 3.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis RAN Proc.
1 -.03262 -.24703 -.03262 -.24703 1 -45.0 -45.0
2 0.0 0.0 0.0 0.0 2 56.25 56.25
3 0.0 -.06900 0.0 -.06900 3 -33.75 -33.75
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Table 2.11: Three-Bar Determinate Truss, Example 1 - Curve 5.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis RAN Proc.
1 -.03263 -.19233 -.03263 -.19233 1 -45.0 -45.0
2 0.0 0.0 0.0 0.0 2 56.25 56.25
3 0.0 -.06000 0.0 -.06000 3 -33.75 -33.75
Table 2.12: Three-Bar Determinate Truss, Example 1 - Curve 7.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis RAN Proc.
1 -.02026 -.14584 -.02026 -.14584 1 -45.0 -45.0
2 0.0 0.0 0.0 0.0 2 56.25 56.25
3 0.0 -.04001 0.0 -.04001 3 -33.75 -33.75
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Table 2.13: Nine-Bar Determinate Truss, Example 2 - Curve 1.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis RAN Proc.
1 0.0 0.0 0.0 0.0 1 -63.64 -63.64
2 .090045 -.21739 .090045 -.21739 2 45.0 45.0
3 .045023 -.21739 .045023 -.21739 3 0.0 0.0
4 .045023 -.21739 .045023 -.21739 4 -45.0 -45.0
5 .090045 -.21739 .090045 -.21739 5 0.0 0.0




Table 2.14: Nine-Bar Determinate Truss, Example 2 - Curve 4.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis RAN Proc.
1 0.0 0.0 0.0 0.0 1 -63.64 -63.64
2 .170040 -.45192 .170040 -.45192 2 45.0 45.0
3 .085020 -.45192 .085020 -.45192 3 0.0 0.0
4 .085020 -.45192 .085020 -.45192 4 -45.0 -45.0
5 .170040 -.45192 .170040 -.45192 5 0.0 0.0
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Table 2.15: Nine-Bar Determinate Truss, Example 2 - Curve 6.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis RAN Proc.
1 0.0 0.0 0.0 0.0 1 -63.64 -63.64
2 .152535 -.35160 .152535 -.35160 2 45.0 45.0
3 .076267 -.35160 .076267 -.35160 3 0.0 0.0
4 .076267 -.35160 .076267 -.35160 4 -45.0 -45.0
5 .152535 -.35160 .152535 -.35160 5 0.0 0.0




Table 2.16: Nine-Bar Determinate Truss, Example 2 - Curve 7.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. NAST­ Prop.
X-Axis Y-Axis X-Axis Y-Axis
RAN Proc.
1 0.0 0.0 0.0 0.0 1 -63.64 -63.64
2 .100032 -.27459 .100032 -.27459 2 45.0 45.0
3 .050016 -.27459 .050016 -.27459 3 0.0 0.0
4 .050016 -.27459 .050016 -.27459 4 -45.0 -45.0
5 .100032 -.27459 .100032 -.27459 5 0.0 0.0
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Table 2.17: Stress-Strain Data Points, Curve 8.
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Table 2.18: 100 Story By 10 Bay Truss Structure, Example 3 - Curve 8.
Node Displacement (in) Elem. Stress (ksi)
No. Prop. Procedure NASTRAN No. Prop. NAST­
X-Axis Y-Axis X-Axis Y-Axis Proc. RAN
••• • »«
1017 .87175 -.14209 .87175 -.14209 4097 -63.101 -63.101
1018 .88617 -.36070 .88617 -.36070 4098 -28.014 -28.014
1019 .91189 -.57949 .91189 -.57949 4099 -56.722 -56.722
... ... ... ... ... 4100 -73.810 -73.810
Table 2.19: Example 3,100 Story by 10 Bay Truss Structure, Computational Timing.




1 6.951 1.000 100.00%
2 4.413 1.575 78.75%
4 2.323 2.992 74.80%


















Proposed Procedure NASTRAN Proposed
Proced.
NAST­
RANX-Axis Y-Axis Z-Axis X-Axis Y-Axis Z-Axis
... ... ... •*« • •• ... ... ...
319 0.15861 0.00710 -.06536 0.15861 0.00710 -.06536 137 66.667 66.667
320 0.15356 0.00547 -.38743 0.15356 0.00547 -.38743 138 61.111 61.111
321 -.15034 -.01845 -.33113 -.15034 -.01845 -.33113 139 -66.667 -66.667
... ... ... ... ... ... ... ... ... ...
o
Table 2.21: Example 4, CSI Model, Computational Timing.




1 3.256 1.000 100.00%
2 2.019 1.613 80.65%
4 1.120 2.908 72.70%












Table 2.22: Central Processing Execution Time on CDC 910.
NASTRAN Proposed Procedure
CP Execution Time (sec.) No. of 
Iterations
CP Execution Time (sec.) No. of 
IterationsTotal Eqn. Solver Total Eqn. Solver
100X10 Truss, Example 3 1398.26 - 49 545.46 153.46 11
CSI Model, Example 4 625.35 - 45 232.49 106.13 12
OJto




Fig. 2.1: Proposed Procedure - Determinate Truss Structures.
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Fig. 2.2: Proposed Procedure -  Indeterminate Truss Structures.
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Fig. 2.3: Example 1, Three-Bar Truss.
180 kips 180 kips
c-H
o
Fig. 2.4: Example 2, Nine-Bar Truss.
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Fig. 2.5: Stress-Strain Function, Curve 1.
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Fig. 2.6:Stress-Strain Function, Curve 2.
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Fig. 2.7: Stress-Strain Function, Curve 3.
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Fig. 2.8: Stress-Strain Function, Curve 4.
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Fig. 2.9: Stress-Strain Function, Curve 5.
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Fig- 2.10: Stress-Strain Function, Curve 6.
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Fig. 2.11: Stress-Strain Function, Curve 7.
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Fig. 2.12: Indeterminate Three-Bar Truss.
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Fig* 2.13: Example 3, 100 Story by 10 Bay Truss Structure.
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Fig. 2.14: Stress-Strain Function, Curve 8.
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Fig. 2.16: Computational Efficiency - 100 Story by 10 Bay Truss 
Structure.
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Fig. 2.18: Computational Speedup - CSI Model.
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Fig. 2.19: Computational Efficiency - CSI Model.
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CHAPTER THREE 
GENERAL DESCRIPTION OF SLAB-ON-GRADE PROBLEM
3.1 INTRODUCTION
The slab-on-grade problem can be considered one of the classical civil engineering 
problems. Many aspects of slab-on-grade design remain more art than engineering 
due to the lack of thorough research and well-defined objectives. Unfortunately, the 
slab-on-grade problem looks unattractive to researchers due to its high degree of 
indeterminacy, dealing with two heterogeneous materials, concrete and soil. The 
behavior of these materials hardly can be predicted. The degree of difficulty of the 
slab-on-grade problem can be summarized in the following points :
a.) The concrete is a nonhomogeneous, orthotropic material. Its strength in 
compression is considerably greater than its strength in tension. Also its stress-strain 
relationship is nonlinear, starting from low levels of stress. The ultimate strength of 
concrete varies according to the tri-axial state of stresses. Micro-cracks may form in 
the concrete at the interface between the gravel and the cement even before loading.
b.) Soil is also a nonhomogeneous material. Its characteristics and behavior vary 
within a wide range.
c.) The loading of a slab-on-grade is not a unique type of loading in the sense that 
the slab-on-grade can be loaded by static load, dynamic load, thermal load, moisture
49
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load, and combination of the above in either a sequential manner or at the same 
time.
There are several approaches to design a slab-on-grade, but none of them is 
comprehensive, taking into account all aspects of the slab-on-grade problem. Dealing 
with the slab joints is still one of the most challenging problems in both the design 
and construction of floor slabs and rigid pavements. Trial-and-error procedures along 
with statistical surveys are the favorite approaches for constructors to better 
understand the slab-on-grade problem.
A slab-on-grade is basically a thin to moderately thick slab poured on a subgrade 
or base course. The modulus of elasticity of the concrete is much greater than that 
of the foundation material. This difference requires that the major portion of the 
load-carrying capacity be carried by the concrete slab itself.
Many factors tend to deform the concrete slab including the loading system, cyclic 
changes in temperature, shrinkage and expansion, changes in moisture content, and 
volumetric changes in the subgrade or base coarse. These factors also develop 
stresses of widely varying intensity that generate cracks and consequently cause 
failure.
There are three characteristics that have a significant effect on the degree of 
deterioration of the slab-on-grade: the type of distress, the severity of distress (i.e. 
spall of cracks), and the density of distress. These characteristics can be considered 
as criteria to determine the failure mechanism of the floor slabs.
50
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
It has long been known that concrete slabs are subjected to considerable warping 
because of the differential length changes between the top and the bottom surfaces 
caused by temperature and moisture gradients in the floor slabs. Early attempts to 
account for this warping effect met limited success. Recently the assumption that the 
slab maintains full contact with its support at all times has become common 
especially in the areas of geotechnical and structural engineering.
Design and construction of interior concrete slabs and rigid pavement for highways 
and airports are still challenging problems to civil engineers. That is because of the 
inadequacy of the performance, the unpredictability of the behavior of the slab, and 
the complexities of the non-linear systems and heterogeneous materials.
As early as 1917 [22], field and laboratory tests have been conducted to study the 
effects of expansion and contraction of concrete pavements. In 1922, it was 
discovered that temperature gradients cause considerable warping in concrete slabs. 
By 1924 [32] a semi-empirical formula had been developed for the required slab 
thickness on the assumption that the concrete corners were entirely unsupported.
The first rigorous theory of structural behavior of rigid pavement was developed 
by Westergaard [44] in the 1920’s. The theory is based on the assumption of a 
homogeneous, isotropic , and elastic slab resting on a uniform subgrade where the 
slab is in full contact with the subgrade and the vertical reactive pressure is 
proportional to the deflection of the slab.
In the 1930’s, studies on the behavior of concrete pavement slabs were performed 
at the Arlington Virginia Experimental Farm, and at the Iowa State Engineering
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Station. The studies showed good agreement between observed stresses and those 
computed by the Westergaard theory as iong as the slab remained continuously 
supported by the subgrade.
Burmister [14], in 1943, proposed the layered-solid theory of structural behavior 
for rigid pavement, assuming that the subgrade is elastic and isotropic. He suggested 
that the design should be based on a criterion of limited deformation under load. 
However, the design procedures for rigid pavements based on this theory were never 
developed to the extent needed for use in engineering practice.
In 1959 Leonards and Harr [28] developed a new theory for calculating the stresses 
and deflections in circular slabs of finite size supported on the ground. The theory 
accounted for self-weight, for superimposed loads, for warping due to temperature 
and moisture gradients, and for partial ground support. A Close-form solution has 
been derived for circular slab-on-grade based on the assumption of linear material 
behavior.
All existing theories can be grouped according to models used as follows: elastic- 
isotropic solids, thin elastic plates, and thin elastic-plastic plates. Two different 
models are used for the subgrade: elastic-isotropic solid and the so called Winkler 
elastic foundation. Existing design theories are based on various combinations of 
these models.
Recently, the need to construct super-flat floor slabs has pushed engineers to re­
evaluate the methods of design and construction of concrete slabs. In 1988, ASTM 
[7] published specifications for standard test methods for determining floor flatness
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and levelness using F-Number. In 1989, ACI Committee 117 [2] published in its 
Material Journal a report on standard specifications for tolerances for concrete 
constructions using F-Number to measure the flatness and Ievelness of floor slabs. 
To control the quality of the concrete slabs within the recently developed 
specifications, engineers have become more concerned about the warping effect on 
the concrete slabs.
32  SHRINKAGE AND CURLING OF SLAB-ON-GRADE
In order to make the concrete workable, it is usually produced with about twice 
as much water as needed to hydrate the cement. Since water can only evaporate from 
the top surface of the slab-on-grade, a moisture gradient between the top and bottom 
surfaces will be created. The edges of the slab curl upward because of differential 
shrinkage when the top of the slab dries to a lower moisture content than the bottom 
surface of the floor slab. Such moisture gradients are magnified by a moist subgrade 
and by low-humidity air at the top surface. Evaporation of moisture from the top 
surface of a slab causes the upper half of the slab to shrink more than the lower half, 
but some shrinkage occurs in all three dimensions. Evaporation of moisture from the 
upper surface is what causes drying shrinkage in concrete, which reduces the 
concrete volume because of a loss of water from the concrete after hardening [48]. 
Curling is caused by the difference in drying shrinkage between the top and the 
bottom surfaces of the floor slab. According to PCA (Portland Cement Association)
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tests, all practical Portland cement concrete shrinks about 400 to 800 millionths 
(0.0004 to 0.0008 in/in).
One of the major factors affecting the shrinkage of concrete is the type and size 
of coarse aggregate used. Coarse aggregates made from quartz give the lowest 
amount of shrinkage while aggregates made from sand stones give the highest 
amount of shrinkage ( almost twice as much as quartz aggregate shrinkage). The 
coarse aggregate size is also important. The use of 3/4 inch maximum aggregate size 
under conditions where 1/2 inch maximum aggregate size could have been used 
increases the shrinkage about 25% because of the greater water demand of 3/4 inch 
maximum aggregate size [48].
The cement is also a factor that affects the concrete shrinkage. The type of cement 
used could possibly increase the concrete shrinkage by 25%.
3.3 CURLING AND WARPING
The terms "curling" and "warping" are used interchangeably in this study. ACI 
(American Concrete Institute) defines the two terms as follows:
Curling:" The distortion of an originally essentially linear or planer member into 
a curved shape, such as the warping of slab due to creep or differences in 
temperature or moisture content in the zones adjacent to its opposite faces."
Warping:" A deviation of a slab or wall surface from its original shape caused by 
temperature or moisture differences or both within the slab or wall."
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Curling is directly proportional to the drying shrinkage. Therefore, if the drying 
shrinkage is reduced, the curling will be reduced. Curling occurs mostly at slab edges 
because of differential shrinkage. The top surface of a slab-on-grade has the greatest 
shrinkage because the top surface is commonly free to dry at faster rate.
3.4 TEMPERATURE AND MOISTURE GRADIENTS
Either temperature or moisture gradients or both can cause curling in a slab-on- 
grade. Measuring the temperature gradient is easier than measuring the moisture 
gradient which is a function of the ambient relative humidity and the moisture 
content in the subgrade or subbase. In the present study moisture and temperature 
gradients are assumed to be linear, and they are expressed as an equivalent 
temperature gradient ( °F/in slab thickness). The coefficient of thermal expansion 
of concrete is 5.5 millionths of an inch per °F. Leonards and Harr [28] found that 
typical moisture gradients for enclosed slabs on the ground vary from 3 to 6 °F/in ( 
expressed as the equivalent temperature gradient).
3.5 EFFECT OF LOAD PLACEMENT
In most slab thickness design methods presently in use, one particular load position 
is selected and used for calculating stresses. These stresses are then taken as critical 
and a slab thickness (which can resist the design stresses with an appropriate safety 
factor) is determined.
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Treybig et al. [42] analyzed the rigid pavement of a 25x50 ft slab using an SLAB 
computer program. Different load placements were studied. The results show that 
corner loading is the most critical case of loading. The maximum stress for the corner 
case of loading is about 70% more than the edge loading. The maximum stress is 
calculated by the following equation [42]:
(3.1)
t2
where a = maximum stress (psi), M = maximum bending moment (LB-in), and t = 
slab thickness (in).
The study of Treybig et al. [42] assumed a linear case for both concrete and soil. 
Also their study did not incorporate any cracking model for the concrete, even 
though the rigid pavements or floor slabs fail basically by cracking. The effect of 
expansion joint conditions were not included in that study. The slab was assumed in 
hill contact with the soil, which implies that the effect of slab warping was neglected.
In the present study, different loading placements are considered. Nonlinear and 
cracking models are incorporated in the finite-element analysis that takes into 
account the warping effect and the effect of joint conditions. The finite-element 
model and the results are presented in the following chapters.
3.6 LITERATURE REVIEW - FINITE ELEMENT APPLICATIONS
Croawford et al. [18] prepared a report for the Air Force Weapon Laboratory. 
They incorporated a nonlinear constitutive relationship for base and subgrade
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materials in the AFPAV ( Airfield Pavement) code, while the concrete is modeled 
as a linear material. A layered pavement system is idealized in the AFPAV code as 
a layered prismatic structure in a rectangular coordinates system. The finite-element 
analysis technique used in the AFPAV code requires that the pavement system with 
infinite dimensions be reduced, or idealized, to a structure with finite dimensions. 
This idealized structures is replaced with a system of prismatic structures which are 
related to one another through common points at their corners. In prescribing the 
behavior of the finite element system, an approximate displacement field is assumed 
within each element. The incorporated nonlinear soil model is based on the following 
equation [18] :
where yr = reference strain, which is the ratio between the maximum shear stress, 
Tmjj, and the maximum shear modulus, Gmax, and C1 = a parameter which depends 
on the plasticity index, void ratio, and percent of saturation for cohesive soils.
The joints, in the Air-Force report, are modeled in the AFPAV code as shear 
connectors between the continuous portions of the slab. In that case, joint analysis 
only approximates the stiffness of a joint; it is not an exact analysis of joint behavior 
[18]. The comparison results between the measured and computed data were not 
encouraging. The results show that the percentage of error between the measured 
and the calculated data by AFPAV is, in some case, 54.5% for the rigid concrete 
pavement and 318.2% for the flexible pavement.
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In the present study a brick element is used to represent the concrete, and a 
boundary element is used to represent the soil and the joints. The boundary element 
is taken to be a nontension element to better describe the real case of soil and joints.
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Building good and acceptable concrete floors requires intensive cooperation 
between the engineer and the contractor to better define the quality needed for the 
floors’ intended use. Complaints about poor performance of floors is basically due 
to a lack of communication between owner, architect, engineer, and contractor, and 
also due to insufficient attention to the floor slabs at any stage in the building 
process.
Many factors should be considered before constructing floor slabs, such as 
subgrade and soil properties, quality and type of concrete, joint conditions, cases of 
loading, surface finishes, slab warping, and future maintenance. Taking into account 
all of these factors that affect the performance of the floor slabs adds more 
complexity to the slab-on-grade problem and discourages engineers and contractors 
to pay more attention to the floor slabs.
Because of the rigidity of the concrete floor slab, the slab’s own weight and loads 
applied on the slab are spread over large areas on the subgrade. However, the non­
uniformity of the subgrade affects the adequacy of the subgrade’s bearing capacity. 
The non-uniformity of the subgrade is basically due to expansive soil or highly 
compressible soil.
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The strength of concrete has a direct effect on the wear resistance of concrete 
floor slabs. The wear resistance can be increased by improving the quality of the 
mortar in concrete. Tensile strength of concrete is also important, since the floor 
slabs suffer from cracks. The placeability and finishability play an important role in 
the performance of concrete floor slabs.
The design and construction of slab-on-grade joints need special skill and close 
attention. Proper design and construction of floor slab joints lead to elimination of 
random cracking. The crack control is an important aspect of concrete floor slab 
performance that should be included in the design of floor slabs. There are three 
kinds of joints: the expansion joint or isolation joint, the contraction joint or control 
joint, and the construction joint. The expansion joint allows movement between the 
floor and other fixed parts of the structure, while the contraction joint induces cracks 
at preselected locations. The construction joint provides stopping places during 
construction [35]. It is located to conform to the floor jointing pattern and detail, and 
is constructed to function as and align with the contraction joint or expansion joint.
42  CONSTRUCTION OF SLAB-ON-GRADE
A field test on a slab-on-grade was conducted during the summer of 1991 at 
Landstown Elementary and Middle Schools Project in Virginia Beach, Virginia. The 
test concentrated basically on the warping of floor slabs. Different slab sizes and joint 
conditions were studied. Table 4.1 shows the dimensions of the floor slabs covered 
in the field test. Figure 4.1 shows a typical slab with two diagonals L and R.
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42.1 Subgrade
The visual description of the subgrade is grey, silty, fine sand. The modulus of the 
subgrade reaction for this type of soil ranges between 160 LB/in3 (pci) to 320 pci. 
In the present study the modulus of the subgrade reaction is taken to be 240 pci, 
which is the average of the above mentioned limits. The soil is described as non­
plastic. The soil samples that were tested showed 14.4% as natural moisture content 
and 9.1% passing sieve #200. Figure 4.2 shows the relation between moisture content 
and dry density. The optimum moisture content is 14.3% and corresponds to the 
maximum dry density of 108.0 LB/ft3.
The soil of selected fill is compacted by a vibrating roller as shown in Figure 4.3. 
After compaction, the soil is leveled to minimize the non-uniformity in the subgrade 
reaction.
42 2  Subbase
A 4-in thick layer of coarse aggregate is used over the subgrade. The function of 
the subbase is basically to serve as a leveling course for fine grading and as a cushion 
to equalize minor surface irregularities and contribute to uniform support. It also 
serves as a capillary break between the floor slab and the subgrade.
A vapor barrier is used as a cover for the subbase as shown in Figure 4.4. The 
function of the vapor barrier is to protect the concrete floor slab from moisture 
problems.
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4.2.3 Concrete Placing and Spreading
Fresh concrete is pumped and spread using shovels and special concrete rakes. The 
concrete is brought to its initial level and surface by the first operation of strike-off 
using the straight edge of an aluminum beam as shown in Figure 4.5.
4.2.4 Leveling
Right after the initial leveling by the straight edge, bullfloating is used to bring the 
surface to a specified level as shown in Figure 4.6. Bullfloating is usually to correct 
small irregularities and to smooth out ridges. The bullfloating should be completed 
before any bleed water is present on the surface.
4.2.5 Floating
Floating is begun when the water sheen has disappeared as shown in Figure 4.7. 
The purpose of floating is to depress large aggregates to just slightly beneath the 
surface, to remove slight imperfections, to compact the mortar at the surface and to 
keep the surface open so excess moisture can escape [35].
4.2.6 Jointing
Jointing is to control cracks and to eliminate unsightly random cracks. The control 
joints are made by a power saw, which is extended into the slab one inch deep (1 /4  
of the slab thickness) as shown in Figure 4.8. The cut tends to weaken the slab and 
induce a crack to form beneath the joint and all along the cut.
4.2.7 Curing
Proper curing has a  great effect on concrete strength. Curing is done by covering 
the concrete slabs by plastic sheets as shown in Figure 4.9. Curing is basically to
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maintain favorable conditions under which concrete hardens and to gain strength by 
keeping it moist for a period of time. The moisture in the concrete is needed to 
complete the chemical reactions in the cementing material.
43  SLAB-ON-GRADE WARPING
Warping of floor slabs starts as early as placing the fresh concrete on the subbase 
or subgrade. Warping or curling of floor slabs depends on many factors such as the 
ambient temperature, humidity, wind, subgrade moisture, curing, etc. During the days 
of testing the ambient temperature ranged between 62 °F to 87 °F, and the wind was 
mostly moderate.
A dipstick, which is an auto-read floor profiler, is used to measure the profiles of 
the floor slab under study. Figure 4.10 shows the assembly of the dipstick. To start 
measuring profiles, one should set up the pocket computer to make it ready for 
recording data. The pocket computer uses a special computer program to save data 
in files that can be transferred to PC computers. Once the pocket computer is set up, 
one should walk the dipstick over the floor as shown in Figure 4.11.
The warping takes place in early stages, but because it was not possible to measure 
the slabs’ profiles while the concrete was fresh, a relative warping is considered in 
this case. The earliest recorded profile (which is used as a datum for later 
measurements) is five hours after concrete casting to minimize the effect of surface 
roughness. The best curve-fitting procedure is used to show the floor slab’s relative 
warping with respect to the earliest data (5  hours after placement of concrete in this
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case). Figures 4.12 through 4.34 show the warping of floor slabs along the diagonals 
L and R ( refer to Figure 4.1 that shows the directions of the diagonals L and R).
4.4 LOADING OF WARPED SLAB
Slab Number 2 is loaded a week after concrete placement by driving the front 
wheels of a loader over the edge of the slab as shown in Figure 4.35. The total load, 
including the weight of the bucket, of the front wheel is 13960 LB. The tire pressure 
of the front wheels is 56 psi, hence the contact area is 124.64 in2.
Figure 4.36 shows the position of the loads on the slab number 2. The slab profile 
is measured along the central horizontal direction as shown in Figure 4.36. Figure 
4.37 shows the relative warping before loading of slab 2 ( one week after placing 
fresh concrete) and the deflected shape along the central horizontal line at loading.
4.5 STRENGTH TESTING OF CONCRETE
Laboratory tests are conducted for the compression and tensile strengths. Standard 
concrete cylinders ( 6 inch diameter, and 12 inch length cylinder) are tested. At least 
three samples are tested for each case, and the average of three readings is 
considered in this study.
4.5.1 Compressive strength 
Two sets of concrete samples have been tested; the first is for the loaded slab, and 
the second is for the rest of the slabs. Figure 4.38 shows the set up of the concrete 
compressive test, which uses dial gages to find the stress-strain relation. Figure 4.39
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shows a concrete cylinder at failure. Figures 4.40 and 4.41 show the stress-strain 
relationship for the first set and second set respectively.
The initial modulus of elasticity is calculated from the following equation :
E0-5700o/f^~
where is concrete strength in compression.
4.5.2 Tensile Strength 
Specimens of the same size as those in the compression test are used to test the 
concrete in tension. Splitting tests are conducted for the second set of concrete 
samples. The splitting strength is calculated by the following equation:
f -  J - L  (4.2)
sp ttLD
where fsp is the splitting strength, P is maximum load at failure, L is the specimen 
length, and D is specimen diameter. Table 4.2 shows the splitting strength of the 
second set.
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Table 4.1: Dimensions of the Tested Floor Slabs.
Slab
Number
Dimensions (in) Diagonal 
Length (in)X- Direction Y- Direction Thickness
1 258. 330. 4. 418.88
2 180. 216. 4. 281.67
3 180. 228. 4. 290.49
4 312. 336. 4. 458.52
5 330. 336. 4. 470.95
6 312. 252. 4. 401.06
7 192. 192. 4. 271.53
8 156. 180. 4. 238.19
9 168. 276. 4. 323.11
10 306. 230. 4. 382.80
11 186. 96. 4. 209.31
12 216. 288. 4. 360.00





a<NII k = V / i7"
7 Days 4,244.45 40,200. 355.44 65.149 5.4558
28 Days 6,047.87 59,000. 521.67 77.768 6.7080
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Fig. 4.1: Dimensions of a Typical Floor Slab.
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Fig. 4.2: Soil Dry Density Versus Moisture Content.
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Fig. 4.3: Soil Compaction.
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Fig. 4.4: Sub-base and Vapor Barrier.
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Fig. 4.5: Placing and Spreading Fresh Concrete,
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Fig. 4.6: Bullfloating.
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Fig. 4.7: Floating.
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Fig. 4.8: Saw Cut to Control Cracks.
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Fig. 4.9: Concrete Slab Curing.
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Fig. 4.10: The Assembly of the Dipstick.
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Fig. 4.11: Floor Profiling.
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Fig. 4.20: Warping Profile of Slab 5 in the Direction of Diagonal R.
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Fig. 4.30: Warping Profile o f Slab 10 in the Direction o f Diagonal R.
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Fig. 4.35: Edge Loading of Slab 2.
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Fig. 4.36: Load Placement on Slab Number 2.
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Fig. 4.37: Horizontal Profile o f Slab 2 Before and After Loading.
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Fig. 4.38: Set up of Concrete Compression Test.
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Fig. 4.39: Mode of Failure in Compression.
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Fig. 4.40:7-Days Concrete Stress-Strain Relation, First Set of Concrete 
Cylinders.
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Fig. 4.41: Stress-Strain Relation, Second Set of Concrete Cylinders.
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CHAPTER FIVE 
BEHAVIOR OF CONCRETE UNDER MULTI-AXIAL STRESSES
S.1 INTRODUCTION
Nonlinearity of the slab-on-grade problem is caused basically by the nonlinear form 
of the constitutive relations and the failure laws of concrete. Strains are assumed to 
be small; thus, the strain-displacement relations are linear. Therefore, the problem 
involves material nonlinearity, and a nonlinear solution must satisfy the constitutive 
laws, and the conditions of equilibrium and compatibility within an acceptable error.
It is necessary to incorporate a multi-axial relationship between stresses and strains 
in nonlinear finite element analysis of concrete structures. In addition, the knowledge 
of the behavior of concrete subjected to a multi-axial state of stresses is essential to 
a better understanding of the failure mechanism of concrete. Multi-dimensional 
analyses are usually made by considering the concrete as incrementally elastic 
material with variable moduli. However, it is not possible to describe the three- 
dimensional stress-strain behavior of concrete material accurately in the framework 
of an incremental Hook’s law with variable moduli which are functions of the 
maximum stress or strain levels or both.
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5.2 BACKGROUND
The analysis of concrete structures under multi-axial loading conditions shows a 
highly complex behavior, and its experimental characterization, which involves 
obtaining the measure of a desired stress state and the measure of the corresponding 
strain state, encounters serious technical difficulties. These difficulties arise from the 
need to minimize the effects of the friction between the loading plates of the testing 
machine and the specimen. As a consequence, shear stresses (which oppose the 
lateral dilation of the specimen and cause an overestimation of the concrete strength) 
exist at the contact surface. Soft packing or lubricating agents between the specimen 
and loading plates have been tried as a means of eliminating the confining effects, 
but these have caused tensile stresses and a non-uniform stress distribution in the 
specimen, which results in an underestimation of concrete strength.
The best method is that of Kupfer and Gerstle [25], in which the concrete is 
loaded through a series of steel brushes. Only a few test results are available, and 
these generally cover only particular load combinations, whereas multiplicity of stress 
states must be considered in the analysis. Until more extended and appropriate 
investigations become available, a type of law that allows a direct inclusion of the 
experimental data should be preferred. In the present study a nonlinear elastic 
isotropic relation between stress and strain states is assumed, and the available 
experimental data on the deformational behavior of concrete are used to characterize 
this relationship.
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
5.3 ISOTROPIC NONLINEAR ELASTIC STRESS-STRAIN RELATIONSHIP
5.3.1 Basic Concept
An elastic model is a model for which the stress depends only on the strain and 
not on the history of that strain. If the relation is linear, then
a.|-C ,, e (5.1)Id k lm n  m n  '  *
where the CkJmn is the elasticity constants. There are 81 such constants corresponding 
to the indices k, 1, m, and n taking the values of 1,2, and 3. Equation 5.1 implies that 
the initial strain-free state corresponds to an initial stress-free state. This equation 
may be thought of as the first term in a power series expansion of a more general 
functional relation for a nonlinear elastic body.
Isotropic material is defined as that material that possesses elastic properties which 
are independent of the orientation of the axes. In this case we have only two 
independent constants, namely Cnn and Cn22. The elastic constants in the isotropic 
case are usually written in the following notation
Cn n -X+2/i (5.2)
The pair of constants A. and jli are called Lame’s constants, and n is referred to as 
the shear modulus (also called G). The stress-strain relations for isotropic material 
are now written as follows
o<r2ve.+X6.,emn (5.3)
where Sy is called Kronecker Delta defined as
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Equation 5.3 can be solved to yield the expressions of the strains in terms of the 
stresses
(5.5)
€i " 2 n (3 U 2 n ) 'ma
Equation 5.5 shows that for isotropic linear elastic materials a spherical state of stress 
results in a spherical state of strain. Let ffm=ffu= a 22=(J33'» then
m 11 22 -33 3  3 X + 2 f i
Therefore, the change of the volume per unit volume due to a spherical stress am 
is given by
e -  3gm (5.7)
v 3X+2/1 K
where
k _ 3 U 2m (5g )
3
which is called the bulk modulus.
Equation 5.5 also shows that for isotropic, linearly elastic materials, a shear stress 
results in nothing but shear strain. In general, a deviator stress will cause a deviator 
strain. The elastic stress-strain relations can thus be split into two sets: the spherical 
components of the stress and strain tensors, and a relation between the deviatoric 
components of the stress and strain tensors. The two following equations can 
therefore replace Eq. 5.3 :
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°™-3K€.„ (5.9)nn  n n
and
a -2{ie (5.10)m n ^  m n  '  '
Equation 5.3 can be rewritten in terms of E, Young’s modulus, and i>, Poisson’s 
ratio as follows:
a . .- J L c ..+____ ^ ____ «..€ (5.11)
1J 1+u ,J (l+ u)(l-2u) ,} m 
where
P _ M(3A.+2^) 5^12^
A+m
and
u - -  k  - (5.13)
2 (U ji)
Equation 5.5 can also be rewritten in terms of E and u as follows: 
eij- ^ [ (U u )a i r u 6 .jaJ  (5.14)
Equations 5.13 and 5.14 are identical to equations 5.3 and 5.5, which are the 
general forms of the constitutive relation for a linearly elastic, isotropic material. An 
important consequence of these equations is that for an isotropic material, the 
principal directions of the stress and strain tensors coincide. This fact had been used 
frequently in the derivation of Eq. 5.14.
The linear elastic stress-strain relations discussed above are isotropic and 
reversible. Clearly, then, a simple extension of these relations, with the elastic 
constants replaced by scaler functions associated with either the stress and/or the
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strain invariants will, have the property of isotropy and reversibility also. For 
instance, scaler functions associated with the state of stress may include the values 
of the three principal stresses a:, o2, and a3 or equally well the three independent
be found in Appendix B. Different scaler functions such as F(I1,J2,J3) associated with 
the stress invariant and F(I1\J2\J3’) associated with the strain invariant can be used 
to describe various nonlinear-elastic constitutive models. The nonlinear stress-strain 
relations for each of these models will reduce to the linear forms when the scaler 
functions are taken to be constants [17].
For example, consider a linear elastic form of Eq. 5.14 modified by replacing the 
reciprocal of Young’s modulus E with a scaler function of the invariant II, J2, and 
J3 labeled as F(I1,J2,J3). Thus, one has
mean response and the deviatoric response. For example, substituting Sy + a nnSy/3  
for ctjj and e^ + e nn<5jj/3 for £y into Eq. 5.14 one can obtain
invariants II, J2 and J3. Definition and derivation of invariant of stress and strain can
^ -(H uJF aU ^ ay-uF ai^ JSjS yU ,,,,
Poisson’s ratio can also be replaced by a function of the stress invariant.
(5.15)




where = deviatoric strain tensor,
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Sjj = Deviatoric stress tensor,
am = mean normal stress,
K and G are bulk and shear modulus, respectively, in which











The distortion, e ,^ is produced by the stress deviations S-, and the volume change, 
is produced by the mean normal stress om. Each is independent of the other.
In nonlinear-elastic stress-strain relations, a neat and logical separation exists 
between the mean response and the deviatoric or shear response of the material, 
exactly as for the linear-elastic material. Specifically, one can write equations 5.16 
and 5.17 as
where K and G are expressed in terms of E and e in equations 5.18 and 5.19 and the 
reciprocal of E is replaced by the scaler function F(I1,J2,J3). However, unlike the 
linear-elastic relations, equations 5.22 and 5.23 show that there will be interaction 
between the two responses through the change in the magnitude of the function F
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with variation in the invariant II, J2 and J3. This implies that the volume change, enn, 
will depend not only on the stress deviation or shear stresses, S^ , but also on each 
other and on the effect of the variation of the scaler function F(I1,J2,J3).
5 3 2  Secant Bulk- and Shear- Moduli Formulation
In this type of formulation, the elastic bulk and shear moduli are taken as scaler 
functions of the stress and/or strain tensors’ invariants. Thus, equations 5.16 and 5.17 
can now be written as
S„-2Gse,j (5.24)
and
o -Ks£ n (5.25)m  s  n n  x 7
where om = crnn /3 is the mean normal stress and and Gs are usually called the 
secant bulk modulus and secant shear modulus, respectively. Expressions for Es and 
t>s can be obtained from K. and Gs using the standard relation given in equations 
5.18 and 5.19, or
K  ?!_ (5.26)
s 3Coct 3(1-2us)
G s- I ^ . - _ 3 _  (5.27)
S Yoc, 2(1+us)
where the subscript oct stands for the octahedral components of the stress and strain 
that are proportional to the invariants of the stress and strain II , J2 and II’, J2\ 
written here in terms of the principal values.
(528)
115




Superimposing both material responses of equations 5.24 and 5.25, one obtains the 
generalized Hook’s law in the form [17]
The scaler functional forms of Kj and Gs in terms of the stress and/or strain 
invariant are developed mainly from bi-axial experimental data. Recently, different 
stress-strain models based on the forms of equation 5.24 and 5.25 have been used 
extensively in nonlinear finite-element analyses for concrete and granular material 
[17]. In particular, for concrete material, many investigators have suggested that 
octahedral components of stress and strain provide a convenient set of invariants 
upon which the nonlinear isotropic elastic stress-strain relations of Eq. 5.33 can be 
established [25,17]. The stress-strain relations of Eq. 5.33 are determined by 
expressing the scaler functions and Gs in terms of and Yo«> respectively, as 
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53.3 An Incremental Stress-Strain Relation Based On Secant Moduli
Various special classes of the incremental constitutive relations have been used 
extensively in modeling the real nonlinear response of different materials. In 
formulating different materials, the incremental forms are derived from the 
nonlinear, elastic constitutive relations described in the previous section. Based on 
this approach, different incremental models have been formulated and used in 
modeling the concrete behavior. As an example of such formulation, incremental 
forms will be derived for the nonlinear, elastic constitutive models of equations 5.24 
and 5.25 based on the secant elastic moduli Kj(oct) and Gs(oct) [17].
Consider the nonlinear constitutive relations of equations 5.24 and 5.25 and let K. 
and Gs be functions of and Ym  respectively. Then
Gs-G s(Yoct)
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'o c t
(5.39)
where the symbols da or a1 and de or d  denote the stress and strain increment 
tensors, respectively, [17]. Equations 5.38 and 5.39 can be rewritten as
(5.40)
(5.41)
where the tangent bulk and shear moduli and Gt are defined as
(5.43)
(5.42)
5.4 THE MATERIAL MODEL USED IN THIS STUDY
There are some criteria that should be satisfied when dealing with material 
models. Basically, simplicity, practicality, accuracy and robustness are the main 
criteria to classify different material models. Many models that represent the 
behavior of concrete material have been studied. Based on examination of various 
models that are currently being used or developed for concrete analysis, the model 
developed by Cedolin et al. [16] is used in the present study for the following 
reasons:
a.) The model allows direct inclusion of the experimental data, making the model 
more realistic and more representative.
b.) The model is simple to be used and incorporated with the finite-element 
applications, especially with the three-dimensional solid elements.
118
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
c.) The selected model is still the most accurate of the recently surveyed models 
[38].
The model is derived from an analysis of a large number of experimental data, 
obtained by different investigators, to establish the variation of the material moduli 
of elasticity at different stress conditions. For the strength properties of concrete 
under generalized stress conditions, the mathematical expressions derived by Cedolin 
et al. [16] have been used also.
5.5 MODELING OF CONCRETE BEHAVIOR
In investigating the multi-axial behavior of materials in general, it is a usual 
rheologic practice to separate any stress state where av  o2, and o3 are the
three principal stresses, into two components: a hydrostatic component which 
measures the change in volume and a distortional ( deviatoric) component which 
measures the change in shape.
Further, it is usually assumed that any inelastic behavior is due to the deviatoric 
component. This assumption is valid for metals because they have lower resistance 
to shear than to a cleavage type of tensile separation. Concrete, however, has lower 
resistance to tensile splitting, and fails by cleavage except under extremely high stress 
components. Therefore, under more typical stress conditions, the inelastic behavior 
of concrete depends on deviatoric and volumetric stress components [16].
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5.5.1 Octahedral Stresses and Strains
The octahedral stresses and strains are defined by equations 5.28 to 5.31 in which 
o^, and r,,,., are known as normal (hydrostatic) and shear ( deviatoric) octahedral 
stresses, respectively, and and are normal ( volumetric) and shear ( 
deviatoric) octahedral strains, respectively. This representation decouples the volume 
change and the distortional or shape change portions of stress and strain. If elastic 
behavior is assumed, the octahedral stress croct and the octahedral strain 
associated with volume change are related by the bulk modulus, K, and the 
distortional quantities are related by the shear modulus, G, as follows
K -  __________________________________________________________ (5.44)
3(l-3u ) 3 ^
G -- E -ISSL (5.45)
2(l + ») Voe,
For nonlinear materials, a similar relationship has been used, but in this case the 
moduli K and G are functions of octahedral strains and can be expressed as secant 
moduli in the form [16]
(5.46)
3 e o c ,
G.(Y«>-—  (5-47)
Yoct
The dependence of the Gs on y^., seems reasonable since y .^, is a measure of the 
distortion of the element. However, independence of IQ from the deviatoric 
octahedral strain y ^  is questionable, since micro-cracking is closely related to it.
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However, an analysis of the results of any tests [16] indicated that some dependence 
of Kj on Yoct should be included.
Cedolin et al. [16] analyzed the data from a large number of experimental 
investigations to establish the variation of the moduli in terms of octahedral 
quantities. The closed-form expressions for the bulk and shear moduli correlate with 
three-dimensional test data. Figure 5.2a shows the variation of the bulk modulus 
through the following equation:
—i-a b  c +d (5.48)
Ko
in which a = 0.85, b=2.5, c=0.0014, ad d =0.15.
Figure 5.2b shows the variations of the secant shear modulus expressed as
^ i - p q  “ -sy ^ + t  (5 -49)
G o
in which p=0.81, q=2.0, r= 0.002, s=2.0 and t = 0.19.
The initial bulk and shear moduli, K„ and G0 used in equations 5.48 and 5.49, can 
be calculated from equations 5.44 and 5.45 from a uniaxial compression test, which 
allows determinations of the initial modulus of elasticity EQ and the initial Poisson’s 
ratio u0.
By using the values of the bulk and shear moduli obtained from equations 5.48 and 
5.49, it is easy to obtain the secant modulus of elasticity Es and Poisson’s ratio us as 
follows:
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5.6 ULTIMATE STRENGTH UNDER MULTI-AXIAL STATE OF STRESSES 
Since the measure of deformation at failure is not completely reliable and since 
much more information is available on stresses at failure, the failure criteria will be 
expressed in terms of the stress state alone. To be consistent with the preceding 
derivation of the constitutive law for concrete, a relation between octahedral, normal 
and shear stresses a t failure should then be demonstrated [16]. Under generalized 
stress, the ultimate strength of concrete increases depending on the stress ratio. 
Cedolin et al. [16] have taken into account the effect of the intermediate principal 
stress and represented an improvement with respect to Mohr’s theory.
The orthogonal coordinate system o1} a2, and cr3, which defines the stress space, 
can be transformed into a cylindrical system in which Z  coincides with the space 
diagonal ( a l = o2=or3 ) of the original system, and r and 8 are the radius and 
rotational variables respectively, on the plane perpendicular to the Z-axis ( 
octahedral plane), as shown in Figure 5.3.
For increasing hydrostatic compression, the deviatoric section ( the plane 
perpendicular to the aj=cr2= a3 axis) of the failure is as shown in Figure 5.3, which
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indicates that the failure in this region is independent of the third stress invariant. 
A unique relation between octahedral, normal and shear stress at failure is
F[I1(T„),I2(T„)]-0 (5.52)
where
I l ( T > a 1+ff2+a3 (5.53)
and
I2(Tff) - a i< V cr2a 3+CI3£7i <5-54)
However, the third stress invariant must be introduced in the octahedral relation 
at failure since the failure surface must be represented by three stress invariants. The 
angle e varies from 6 = 0° for Oj > cr2 = a3 to 0= 60° for ax = a2 > ay  For a stress 
state in which all principal stresses have different magnitudes ( a 1> c2> a3), the 
magnitude of the angle 0 varies between 0° and 60° and is defined as follows [19]: 
cr.+<j,-2a,cose--------------------    (5<55)
\/2 [(^ r^2 )2+(£T2-CT3)2+(CT3-a i)2]
2
5.6.1 Tri-axial Compression 
Based on the experimental data on ultimate strength, Cedolin et al. [16] have 
formulated a mathematical description for the strength properties of concrete under 
triaxial compression, using octahedral, normal and shear stresses. Figure 5.4 shows 
the normalized ( with respect to the uniaxial cylinder compressive strength fc')  
combinations of octahedral stresses at the ultimate strength level obtained from these 
triaxial tests. These data relevant to particular loading conditions were considered
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and obtained with different uniaxial compressive strengths. The data were 
represented by two straight lines which are shown as a solid line in Figure 5.4. Their 
equations are 
ta 0.843cr ,
— -0.199+--------" ,  ff.>a2- a 3 (5.56)f/ic lc
Tn 0 .5 5 0 ^
-0.147+------  "  a 1- a 2> a 3 (5.57)
f fl C i C
where the compressive stresses and strains are assumed to be positive.
Above a certain level of the maximum principal stress ( ax > 4.2 fc') , 
corrections were made and obtained through the dashed straight lines represented 
in Figure 5.4, Their expressions are
ta 0.525 ct
—£-0.76+------  "  a ,> a , - c 3 (5.58)
f f
r n 0.297atv.,
^ -0 .9 3 0 + ----- - H ,  a r a2>a2 (5.59)
For a stress state in which all principal stresses have different values ( a j> a 2> a3, 
0°< e <  60°) a linear interpolation was proposed by Cedolin et al. [16] in the form
Te“
V tb , , V tBw, 20+ ( ^ i ) ( l - " )  (5.60)
2 v 2 60
in which the limit values of t a and r B must be calculated through equations 5.56 
and 5.57 if cr: < 4.20 fc/ and through equations 5.58 and 5.59 if o{ > 4.20 fc' .  
S.6J2 Tensile Stress State 
Tensile stresses notably reduce the ultimate strength of concrete because they 
substantially modify its failure mechanism and, consequently, the failure criteria 
formulation. Cedolin et al. [16] have formulated a mathematical description for the
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strength properties of concrete under tensile stress states, using the octahedral 
criteria. Figure 5.5 shows the normalized ( with respect to the uniaxial cylinder 
compressive strength fc' ) combinations of octahedral stresses at the ultimate strength 
level obtained from the triaxial tests. These tests were carried out using a wide range 
of concrete samples subjected to the axisymmetric stress states, al>a2=:a3 and
°1 = °2 >
A mathematical description of these strength envelopes was obtained by fitting a 
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a.) Octahedral Normal Stress-Strain Relation.
Toct
OCt
b.) Octahedral Shear Stress-Strain Relation.
Fig. 5.1: Octahedral Stress-Strain Relation.
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b.) Secant Shear Modulus-Octahedral Shear Strain Relation.
Fig. 5.2: Constitutive Relation.
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0=60°
Octahedral (Deviatoric) Plane
Fig. 5.3: Schematic Representation of Ultimate Strength Surface.
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Fig. 5.4: Tri-axial Compression - ax > a2 = ct3 or cr1 = a2 > cr3 [16].
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Fig. 5.5: Failure Criteria for Tensile Stress State [16].
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The finite-eiement method is one of the most powerful analytical tools that 
essentially began with the advent of electronic digital computers. It is difficult to 
quote the exact date on which the finite element was invented, but the roots of the 
method can be traced back to three separate research groups: applied 
mathematicians, physicists, and engineers. The excellent performance of the method 
led to mathematical research that put it on a firm mathematical formulation in the 
mid of 1960’s, when a variational formulation of the method was developed.
The potential of the finite-eiement method was rapidly recognized, and more 
general techniques for structural analysis were developed. At the same time 
important applications were found in other fields. At present, the finite element 
method represents a general analysis tool and is used practically in all fields of 
engineering analysis. The basic idea of the finite-eiement method is to define the 
state of displacement within each finite element in terms of its nodal displacements. 
Once the nodal displacements are known, the state of strain within an element can 
be calculated from strain-displacement relationship. The constitutive properties of the 
material will define the state of stress throughout the element and on its boundaries. 
The success of the finite element method is based largely on the basic finite element
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procedures used: the formulation of the problem in variational or weighted residual 
form, the finite-eiement discretization of this formulation, and the effective solution 
of the resulting finite-eiement equations. These basic steps are the same whichever 
problem is considered and provide a general framework and a quite natural approach 
to engineering analysis.
The major steps used in finite-eiement analysis can be summarized as following:
1.) Discretize the structure by introducing a finite-eiement mesh that divides the 
structure into a number of nodes and a number of elements.
2.) For a typical finite element, select the interpolation function for the 
displacements.
3.) Compute the element stiffness matrix.
4.) Assemble the system stiffness matrix from stiffness matrices of the individual 
finite elements.
5.) Impose boundary conditions and solve the system of equilibrium equations for the 
displacements.
6.) Calculate stresses and additional displacement if necessary.
62 CRACKING MODEL
Basically, there are three different approaches that have been employed for crack 
modeling: the smeared-cracking model, the discrete-cracking model, and the fracture- 
mechanics model. The selection of one of these three cracking models depends on 
the purpose of the analysis. In general, if overall load-deflection behavior is desired,
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without regard to completely realistic crack patterns and local stresses, the smeared- 
cracking model is probably the best choice. If detailed local behavior is of interest, 
adaptations of the discrete-cracking model are useful. For special classes of problems 
in which the fracture mechanics model is the appropriate tool, a specialized fracture 
model may prove necessary [17].
In the smeared-cracking model, the cracked concrete is assumed to remain a 
continuum, i.e. the cracks are smeared out in a continuous fashion. A crack in the 
smeared-cracking model is not discrete but implies an infinite number of parallel 
fissures across the finite element as shown in Figure 6.1.
In the discrete-cracking model, the cracks are discrete by disconnecting the 
displacement at the nodal points for adjoining elements, as shown in Figure 6.2. The 
difficulty in such an approach is that the location and orientation of the cracks are 
not known in advance. Thus, the geometrical restrictions imposed by the preselected 
finite-eiement mesh can hardly be avoided. This problem can be rectified to some 
extent by redefinition of the element nodes. Such techniques are unfortunately 
extremely complex and time consuming.
The fracture-mechanics model is usually used to solve various types of cracking 
problems in metals, ceramics, and rocks. In its current state of development, however, 
the practical applicability of fracture mechanics to concrete and reinforced concrete 
is still questionable, and much remains to be done.
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In the present study the smeared-cracking model is incorporated with the finite- 
eiement analysis used to represent the cracked concrete. The stiffness of the cracked 
element will be softened according to an assumed tension-softening relation.
63 TENSION STIFFENING
It is a usual assumption that forming cracks is a brittle process and that the 
strength in the tension loading direction abruptly goes to zero after such cracks have 
formed [17]. However, in the present study, the material stiffness was not reduced 
to a small value directly after first cracking. Instead, a tension-stiffening effect was 
taken into consideration and the stress-strain curve for concrete in tension was taken 
as shown in Figure 6.3.
When the ultimate strength under tensile stress state is reached, cracks will form 
perpendicularly to the maximum principal tensile-stress direction. Therefore, the 
stiffness of the cracked element must be softened. Since, the material in the present 
study is assumed isotropic, the material should be softened isotropically by reducing 
the modulus of elasticity, Ec, according to the assumed stress-strain relationship of 
concrete in tension as shown in Figure 6.3.
6.4 TEMPERATURE AND MOISTURE GRADIENTS
The slab-on-grade structure is exposed to both temperature and moisture gradients. 
These gradients cause the slab to warp, resulting in partial support with the ground 
and boundaries. The self-weight of the slab, along with the superimposed loads, try
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to counteract the warping causing critical stresses. In the present study the effect of 
temperature and moisture gradients is expressed in terms of a linear equivalent 
temperature gradient along the thickness of the slab as shown in Figure 6.4. The 
equivalent temperature at the top surface of the slab is less than the equivalent 
temperature at the bottom surface, and this difference causes upward warping of the 
slab.
6.5 GENERAL SOLUTION TECHNIQUE FOR NONLINEAR ANALYSIS
In the present study, nonlinearity is caused by the nonlinear form of the 
constitutive relationships for concrete in compression and by concrete tensile 
cracking. Strains are assumed to be small and, thus, the strain-displacement relations 
are linear. Therefore, the problem involves material nonlinearity.
Under combined states of stresses, the stress-strain relationship for concrete is 
generally nonlinear. Therefore, the concrete is assumed to be isotropic, nonlinear, 
elastic material. The modeling of concrete behavior proposed by Cedolin et al. [16] 
is used.
The analysis procedure used in this study can be summarized as follows :
( a) Discretize the structure into elements by introducing three-dimensional finite- 
eiement mesh and boundaiy elements to take care of the effect of soil support and 
the effect of the boundaries. This finite-eiement model divides the structure into a 
number of nodes and a number of elements. The centroidal characteristics of each
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element is considered in all calculations to represent the average property of that 
element.
( b) Apply a thermal load ( equivalent temperature gradient as discussed in section
zero and iterate until all of the boundaiy elements are in compression.
( c) Apply the external load. The load is increased by increments of varying 
magnitudes; the load increments are reduced in magnitude after the concrete starts 
cracking.
( d) Modify the material properties using the nonlinear model proposed by Cedolin 
et al [16]. The material properties of the cracked elements are modified according 
to the material model as shown in Figure 6.3.
The following are computational steps involved in a typical cycle of analysis:
1. Increase the previous load by an increment of loading
Perform elastic analysis for the structure under the load Pj using the updated stiffness 
matrix at the end of the previous load.
where [K]j_, is the stiffness matrix at the end of the load Pj., as shown in Figure 6.5, 
Pj and Aj are the load vector and displacement vector for the general system at cycle 
i, respectively. Calculate the nodal displacements A{ and the element stresses.
6.4). This thermal load causes the slab to warp upward leaving some of the spring 




Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
2. Modify the stiffness of the boundary elements. Drop the stiffness of the 
boundary element which is in tension to zero, and restore the stiffness of the 
boundary element which is back in compression.
3. Check concrete cracking.
4. Modify the compression material properties using the Fortran computer program 
listed in Appendix C.
5. Modify the tension material properties of the old and new cracked elements 
using the material model shown in Figure 6.3.
6. Update the structure stiffness at the end of the load P;, using the new material 
properties.
Repeat the computational cycle until the ultimate load is deemed to have been 
reached.
6.6 SOLUTION ALGORITHM FOR SLAB-ON-GRADE PROBLEM
The following algorithm is used to calculate the forces and displacements in the 
brick and spring elements, check the applied stresses against the strength level, check 
for the cracking in concrete elements, modify the material properties at a given state 
of stresses and strains, and print the octahedral components of stresses and strains. 
The algorithm can be summarized as follows :
A.) Generate element stiffnesses, assemble global stiffness matrix, and solve for 
displacements and forces.
B.) For each concrete finite element do the following :
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1.) Calculate the principal stresses ox, cr2, and ct3 in psi.
2.) Decompose the principal stresses into hydrostatic (o^), and deviatoric 
(r^ ,) components according to equations (3.28) and (3.30) respectively.
3.) Calculate the angle e using equation (3.55).
4.) Calculate the ultimate octahedral shear r Ac and r^. using Equations 
(3.56)-(3.59).
5.) Calculate the ultimate tensile strength r At and r Bt using Equations (3.61)-
(3.64).
6.) Calculate the ultimate octahedral shear strength Tg,. and Tq, using 
Eq.(3.60).
7.) Calculate the ratios Re = t^ , / and Rt = r ^ / r g , .
7.1) If Rc > 1, print " the current element reached the stage of 
ultimate strength,1 and modify the material properties for that element 
accordingly.
7.2) Otherwise check Rt; if R t > 1, then prin t" the current element has 
cracked," and modify the material properties for that element 
according to the assumed tension-stiffening relationship.
7.2.1) Otherwise modify the material properties according to the 
following :
7.2.1.1) Calculate the principal strains.
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7.2.1.2) Decompose the principal strains into hydrostatic 
(e^,) and deviatoric (y^ )  components according to 
Equations (3.29) and (3.31) respectively.
7.2.1.3) Calculate the secant values of bulk and shear 
moduli using Equations (3.48) and (3.49), respectively.
7.2.1.4) Calculate the secant values of Young’s modulus 
and Poisson’s ratio using Equations (3.50) and (3.51) 
respectively.
8. Print the principal and octahedral stresses and strains.
6.7 THREE-DIMENSIONAL ISOPARAMETRIC BRICK ELEMENT
Formulation of the finite element matrices is an important phase of a finite- 
eiement analysis. The use of isoparametric finite elements is more effective in most 
practical analyses. The brick element used in the present study is an eight-node 
element, with nodal coordinates and nodal temperature given.
In the derivation of the generalized-coordinate finite element model, a local- 
element coordinate system x,y, and z is used. The element displacements u(x,y,z), 
v(x,y,z), and w(x,y,z) are assumed in the form of polynomials in x,y and z with 
undetermined constants a s, 0,-,and y f ( i = 1,2,3,...). The generalized coordinates are 
linear combinations of the element nodal point displacements. Figure 6.6 shows a 
general case of the three-dimensional eight-node element.
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The principal idea of the isoparametric finite element formulation is to achieve the 
relationship between the element displacements at any point and the element nodal- 
point displacements directly through the use of interpolation functions ( shape 
functions). This means that the transformation matrix is not evaluated; instead, the 
element matrices corresponding to the required degrees of freedom are obtained 
directly [10].
6.7.1 Evaluation of Element Matrices 
The shape functions for the eight-node element are defined as
r,s, and t are the natural coordinate system.
To perform finite-eiement analysis, the matrices defining stiffness have to be 
found. These will be of the form
in which the matrix [G] depends on the shape function matrix [N] or its derivatives. 




H U ,5 i ) - I ( H ^ )  for 5 -* l; 5-r,s,t (6.4)
H(5,5i) - ( l - 5 2) for 5,-0 (6.5)
(6.6)
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By the usual rule of differentiation, we can write
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dr dx dr dy dr dz dr
dNi_dNi ax^dN; d y J N ,  ^  
ds dx ds dy ds dz ds
dNj_dNi dxx 5Ni dyx aNi dz 
dt dx dt dy dt dz dt





dN; dx * dz
dN; dNj
dr dr dr dr dx dx
dN; • dx dy dz dNj *
~[J]
dN;
ds ds ds ~ds dy dy
dNj dx * dz dN; dN;
dt dF dt dt dz dz
(6.13)
where the matrix [J] is known as the Jacobian matrix and can be found explicitly in 
terms of the local coordinates.









in terms of the shape function
142
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
[J]-
_  3N; _  3N. _  3N;Y  — x. Y  — y- Y  — z^  dr ' ^  dr ' ^  dr '
_  3N. _  3N- _  3N;
^ “aT*1 ^ " & " yi ^ ~ d f Zi




3Nj dN2 aN8 xi yi zi
dr dr ar *2 y2 *2
aNj 3N, 3N8 • • •
as as as • •
aNj aN2 aN8
• •
dt at at *8 y8 h
(6.16)
To transform the variables and the region with respect to which the integration is 
made, a standard process (which involves the determination of [J]) will be used. 
Thus, a volume element becomes
dxdydz-det[J]drdsdt 
The integral in the form of Eq. 6.6 can be written as
(6.17)
i  i  i
J J Jg(r,s,t)drdsdt (6.18)
The element stiffness matrix becomes
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[k]-J[B]T[D][B]det[J]drdsdt (6.19)
V
where [D] is the material property matrix; [B] is the strain-displacement matrix in the 
natural coordinate system r,s, and t; and det [J] is the determinant of the Jacobian 
matrix.
One of the most important aspects of the isoparametric and related finite element 
analysis is the required numerical integration. For the three-dimensional case
where F - [ B ] T[ D ] [ B ]  d e t  [ J  ] , the summations extend over all i, j, and k specified, a, i k 
is weighing factor, and F ( r j / S j , t k) is the matrix F ( r , s , t )  evaluated at points 
specified in the arguments. The matrix [R ]n is the error matrix, which, in practice, 
is usually not evaluated. Therefore, we have
6.72 THERMAL LOADING
Six strain components are relevant in full three-dimensional analysis. The strain 
matrix can be defined as
[k]- fF(r,s,t)drdsdt-£ a ijkF(ri>sj,tkM R ] n
J i.ilf
(6.20)
[k]- [F(r,s,t)drdsdt-£ a ijkF(rj,s.,tk) (2.21)
144













dw du4«m , T i
dx dz
(6.22)









where a is the thermal expansion coefficient and Ta is the average element 
temperature rise.
Also, the stresses can be written in a six-component vector. In general, thus
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where {cr0} is the initial stresses. The nodal forces due to the initial strain become
6.8 BOUNDARY - SPRING ELEMENT 
The boundary element is represented by a spring with the constant kj for the soil 
and kj for the slab-on-grade joints. The spring is assumed to behave in a linear 
fashion
F-kx (6-26)
where F is the force in the spring, k is the spring constant, and x is the displacement.
The nodal displacements u i and u j+1, along with the corresponding transmitted 
forces fj and f i+1, are shown in Figure 6.7. These four variables are related 
according to
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*i“ k  i(U i-UM ) (6.27)
(6.28)
where k } is the spring constant. Expressed as a matrix equation, the force - 
displacement relations are
where [ke] is referred to as the element-stiffness matrix, and {fel and {ue) are the 
elemental force and elemental displacement vectors respectively.
6.9 FINITE ELEMENT MODELING OF SLAB-ON-GRADE
The concrete slab is represented by eight-node brick elements, while the subgrade 
and the joints are represented by boundary elements. Figure 6.8 shows a general 
finite-eiement model for the slab-on-grade problem. Figure 6.9 shows the modeling 
of the free edges slab-on-grade under the warping effect. This case can be considered 
as a special case of the general case shown in Figure 6.8, where kj is taken to be 
zero. It is noted from Figure 6.9 that the slab does not remain in full contact with the 
ground.
f, ks -k, u. (6.29)
or
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Figures 6.10 through 6.12 show the modeling of joints under different conditions. 
Figure 6.10 shows a case in which the joint spacing is considerably small. Figure 6.11 
shows a case in which the movement in the plane of the slab is completely restrained. 
Figure 6.12 shows the modeling of a joint under dowel action.
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a.) Cracking the Whole Element.
t
b.) Idealization of a Single Crack.
Fig. 6.1: Smeared Cracking.
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V
a.) 1-D Interior Crack. b.) Exterior Crack.
c.) 2-D Interior Crack.
Fig. 6.2: Nodal Separation.
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Tensile Strain 
a.) Tensile Stress-Strain Relation [17].
ft
Tensile Strain
b.) Assumed Stress-Strain relation.
Fig. 6.3: Stress-Strain Relation for Concrete in Tension.
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Fig. 6.5: Numerical Technique for Nonlinear Analysis.
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Fig. 6.6: Eight - Node Three Dimensional Element.
ui ± l
f i  - ^V W V  — “ f i + 1
k.s
Fig. 6.7: Spring Element.
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Fig. 6.8: Finite Element Modeling of Slab-On-Grade.
155
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
jT rr ^  -S3
a.) Warped Slab.
b.) Modeling of a Warped Slab.
Fig. 6.9: Modeling of Free-Edges Floor Slab Under the Effect of 
Warping.
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a.) Joint before Warping. b.) Joint Modeling Before Warping.
iS\
c.) Joint After Warping.
Fig. 6.10: Modeling of Joints With Small Joint Spacing.
d.) Joint Modeling After Warping.
Ja.) Horizontally Restrained Joint. b.) Modeling of a Horizontally 
Restrained Joint.
Fig. 6.11: Modeling of Joints Horizontally Restrained.
a.) Joint with Dowel. b.) Modeling of a Joint with Dowel.
Fig. 6.12: Modeling of Joints Under Dowel Action.
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CHAPTER SEVEN 
SLAB-ON-GRADE: RESULTS AND DISCUSSIONS
7.1 INTRODUCTION
A finite-element technique is used to analyze the slab-on-grade problem. Concrete 
and soil models are incorporated in the finite-element procedure. In the present 
study the following are discussed :
a.) Comparison of the finite element results with the experimental measurements.
b.) Parametric study regarding the warping of the concrete floor slabs.
c.) Effect of load placement.
d.) Effect of joints.
e.) Parallel-vector analysis of slab-on-grade.
12  COMPARISONS OF EXPERIMENTAL - THEORETICAL RESULTS
7.2.1 Warping
Leonards and Harr [28] developed a close-form solution for a circular slab-on- 
grade problem. They compared their analytical solution with the experimental 
measurements of Hatt [27] ( 18x25-ftx7.in slab). Figure 7.1 shows a comparison of the 
experimental results after Hatt, Leonards and Harr’s close-form solution and the 
finite-element results (present).
Table 7.1 shows a list of the slabs that are considered for comparison with the 
finite element results. In the present case the experimental results are a relative
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warping of the latest measurements relative to the earliest measurements. Figures 7.2 
through 7.25 show a comparison of the finite-element results with the experimental 
measurements for slabs-on-grade with various conditions. Different joint conditions 
are considered. The equivalent temperature gradient is taken as linear across the slab 
thickness, but the distribution in the plane of the slab is taken as linear or bilinear. 
The modulus of subgrade reaction is 240 pci, the concrete compressive strength is 
4200 psi for slab number 2 and 4000 psi for the rest of the slabs, and the concrete 
modulus of elasticity is 3694000 psi for slab number 2 and 3600000 psi for the rest 
of the slabs.
1 2 2  Loading
Slab number 2 is loaded by driving a loader over one of the slab edges. The total 
load is 13960 LB distributed over two wheels. Figure 7.26 shows a comparison of the 
warping between the experimental measurements and the finite element results along 
the central horizontal line just before the loading. Figure 7.27 shows a comparison 
of the loaded slab between the experimental measurements and the finite-element 
results along the central horizontal line. Figure 7.28 shows the finite element results 
before loading and at loading along the same central horizontal line.
73 PARAMETRIC STUDY ON SLAB-ON-GRADE WARPING
73.1 Introduction
The problem of warping of floor slabs due to shrinkage and temperature gradients 
has been recognized in recent years and received considerable attention. Several
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types of unacceptable deformations are encountered in practice. The main cause of 
such warping is shrinkage and temperature gradients [1].
To predict the effect of shrinkage on concrete structural members is a complicated 
process because of the complex nature of the shrinkage phenomenon and the wide 
range of factors affecting it. Several attempts have been made to develop methods 
for predicting shrinkage warping so that it may be allowed for in design and 
construction.
The slab-on-grade warping is an undesired phenomenon that weakens the slab and 
causes unwanted random cracks. At the same time, tTying to force the slab not to 
warp induces high concentration of tensile stresses specially at the corners. Proper 
selection of coarse aggregate in the concrete mix design, controlling the moisture in 
the subgrade, and proper joint design are major factors to reduce warping.
Warping tends to reduce the contact area between the concrete slab and the soil. 
This loss of contact will increase the consolidation effect in the soil and slightly 
increase the amount of warping with time. Partial contact between the concrete slab 
and a moist soil or subgrade helps the free edges to be isolated from the moist soil, 
and this reduces the moisture gradient at the free edges.
Partial contact between the concrete slab and the subgrade imposes a cantilever 
effect on the slab. This effect makes some cases of loading critical. The slab-on-grade 
fails usually by cracking.
Not any of the design methods that are commonly in use deal explicitly with the 
slab-on-grade warping, nor do they guarantee a crack-free slab. Therefore, the
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performance of floor slabs remains questionable. The design methods for a slab-on- 
grade are based on theories originally developed for airports and highway pavements. 
As a result, the design methods that are presently in use suggest a high factor of 
safety to account for the indeterminacy of the slab-on-grade problem. Experience in 
the design of slabs-on-grade does not mean much compared to the experience in the 
construction of slabs-on-grade.
Proper curing of a slab-on-grade does not necessarily reduce the warping. Curing 
basically delays the warping by reducing temporarily the moisture gradient. A 
parametric study regarding the warping of floor slabs is considered in the present 
study. Different parameters affecting the warping are studied using a 20x2Q-ft square 
slab, as can be seen in the following sections. The FORTRAN computer program is 
listed in Appendix D.
73.2 Effect of Temperature and Moisture Gradients
The temperature and moisture effects are transformed into an equivalent 
temperature gradient, Te, that varies linearly across the slab thickness. Figure 7.29 
shows the effect of the equivalent temperature gradient on the slab-on-grade warping. 
The value of Te varies: 0, 2, 4, 6, and 8 °F/in. while the concrete modulus of 
elasticity Ec, the modulus of subgrade reaction and the slab thickness t are kept 
constant ( Ec=3600000 psi, 1^=200 pci, and t=6 in). Table 7.2 summarizes the effect 
of increasing the equivalent temperature gradient on the upward warping of the slab- 
on-grade.
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It is noted from Figure 7.29 that as the equivalent temperature gradient ,Te, 
increases, the curvature increases and the upward deflection increases as well. The 
contact area gets smaller and because of the decrease in the contact area, the slab 
sinks deeper into the ground due to its own weight.
7.33 Effect of Concrete Modula of Elasticity 
The modulus of elasticity of concrete is directly proportional to the concrete’s 
compressive strength. As the modulus of elasticity of concrete increases, the rigidity 
of the concrete slab increases. The effect of the concrete modulus of elasticity is 
studied under constant values of the equivalent temperature gradient Te, the slab 
thickness t, and the subgrade modulus lq. (Te= 6 °F/in, t= 6  in, and lq. =200 pci).
Figure 7.30 shows the effect of the modula of elasticity on the warping of floor 
slabs. The values of Ec vary: 3000000,4000000, and 5000000 psi. Table 7.3 shows the 
effect of changing the concrete modulus of elasticity on floor slab warping.
It is noted from Figure 7.30 and Table 7.3 that the increase in Ec increases the 
warping. In other word, using high-strength concrete increases the upward warping 
of the floor slab. The increase in the concrete’s strength increases the resistance of 
concrete to the tensile stresses but at the same time increases the cantilever effect 
in the slab-on-grade problem. Optimum concrete compressive strength values should 
be achieved to account for these two effects.
73.4 Effect of the Modula of Subgrade Reaction 
The modulus of the subgrade reaction basically controls the depth to which the 
floor slab sinks. The contact area slightly decreases with the increase in the value of
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the modulus of the subgrade reaction. Figure 7.31 shows the effect of increasing the 
value of the modulus of the subgrade reaction, while the equivalent temperature 
gradient Te, the concrete’s modulus of elasticity, and the slab thickness ( Te = 6 
°F/in, Ec = 3600000 psi and t=6 in) are kept constant. Table 7.4 summarizes the 
effect of the subgrade modula on the warping of slab-on-grade.
The less the value of the subgrade modulus, the more flexible the subgrade is. The 
increase in the modulus of the subgrade reaction will increase the cantilever effect 
on the slab-on-grade. Also one can notice from Figure 7.31 that the increase in the 
modulus of the subgrade reaction will decrease both the positive (upward) and the 
negative (downward) deflections.
73.5 Effect of Slab Thicknesses
The increase in the slab thickness means an increase in the slab self-weight that 
makes the slab sink farther into the ground. One can notice from Figure 7.32 and 
Table 7.5 that the increase in the slab thickness will increase both the positive 
(upward) and the negative (downward) deflections as long as the equivalent 
temperature gradient Te, the concrete modulus of elasticity Ec, and the modulus of 
the subgrade reaction kj (Te=6 °F/in, Ec=3600000 psi and 1^=200 pci) are kept 
constant. The contact area decreases with the increase in the slab thickness, and in 
turn reduced contact area increases the cantilever effect in the slab-on-grade 
problem.
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7.4 EFFECT OF COUPLING SOIL NODAL SPRINGS
The modulus of subgrade reaction, lq, is usually represented by a bed of springs. 
This uncoupled soil springs is commonly termed as "Winkler" foundation.
Bowels [13] presented more than one method to couple the soil node springs. One 
of the simplest coupling methods is to double the end node springs. Another method 
to couple the soil node springs, is to obtain a vertical stress profile at selected points 
beneath the foundation and then numerically integrate the vertical stress profile to 
obtain the average stress, DQ. The modulus of the subgrade reaction can then be 
modified according to the following formula :
k ' - k ^  (7.1)
DQ;
where DQe = the edge stress increase value, DQ, = the average stress increase at 
point i.
Based on Eq. 7.1 the values of the modulus of reaction should be modified from 
the edge to the center of the slab as follows :
k / - k s (7.2a)
k j - j l  (7.2b)
where kJ  is the modified value of the modulus of the subgrade reaction at the edge 
of the slab, and kcei/  is the modified value of the modulus of the subgrade reaction 
at the center of the slab. These values are computed using depth of influence 4.B to
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5.B, where B is the width of the slab. The value of the modified subgrade reaction 
varies nonlinearly from the edge to the center.
The coupling produces softer interior node springs than those at the edges. In the 
present study the contact area between the concrete slab and the subgrade is 
considered to be the effective area of the slab, and based on that the modulus of the 
subgrade reaction is modified.
Table 7.6 shows a summary of the finite element results for the Winkler subgrade 
and the coupled node springs. Figure 7.33 shows a representation of both the coupled 
and the uncoupled node springs. It is noted from Figure 7.33 that there are slight 
differences between the coupled and uncoupled node springs in terms of the vertical 
deflection due to warping. The only applied loads in this case are the self-weight and 
the equivalent temperature gradient ( Te= 6°F/in) applied on a 2Qx20-ftx6.in slab. 
The concrete’s modulus of elasticity Ec is 3600000 psi and the subgrade reaction kj 
is 200 pci. Bowels [13] mentioned as one of his conclusions that there were no major 
differences in design moments and displacements using simple Winkler springs versus 
using some kind of coupling.
7.5 EFFECT OF JOINT CONDITIONS
Joints have a major effect on the warping of slab-on-grade. The joints usually 
control the cracking patterns of the floor slabs. Defining the joint condition in the 
slab-on-grade problem is a major step in the design of the floor slab.
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Different cases have been studied in which the side of the floor slab is either 
completely restrained, completely free, partially restrained, or under dowel action. 
A free edge represents the case in which the joint spacing (if any) is large enough 
with no horizontal restraints. A restrained edge represents the case in which the joint 
spacing is negligible or in which the edge is horizontally supported such that the edge 
can not move in the plane of the slab. A partially restrained edge is represented by 
boundary elements ( horizontal springs) where the stiffness of the springs is a 
function of the horizontal resistance. The dowels are represented by rotational and 
translational springs.
Figures 7.34 through 7.38 show three-dimensional presentations for the deflected 
shape of the floor slab’s top surface under five different cases of joint conditions. A 
2Qx20-ftx6.in slab is considered in this analysis, with the subgrade modulus k, 200 pci, 
the concrete modulus of elasticity Ec 3600000 psi, and the equivalent temperature 
gradient Te 6 °F/in. Figure 7.39 shows the deflection of the slab-on-grade along the 
diagonal direction for the five cases of joint conditions. Table 7.7 shows a summary 
of the effects of the joint conditions in a tabular form.
For the case of partially restrained edges, the resistance in the horizontal direction 
kj is expressed in LB/in3. Different values of kj are studied. Figures 7.40 through 7.44 
show three-dimensional representations of the deflected shape of the top surface of 
the floor slab. The values of kj is taken to be the same for all edges to produce a 
symmetrical deflected shape. Figure 7.45 shows the deflected shape along the 
diagonal direction for different values of kj. It is noted from Figure 7.45 that the
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increase in the value of kj decreases the warping. Table 7.8 shows a summary of the 
effect of the horizontal resistance kj on the warping of the floor slabs.
The dowels provide rotational and translational resistance which are represented 
as rotational and translational springs respectively. The effect of dowel spacing, the 
steel bar’s diameter and the embedment length is beyond the scope of the present 
study. This study presents one case in which the dowel spacing is 2 ft, and the 
rotational stiffness, kp is 3.5 times the translational stiffness k, ( k, is 4200 pci). 
Figure 7.46 shows a three-dimensional representation for the case mentioned above. 
The effect of the dowels looks similar to the effect of partially restrained edge.
7.6 CASES OF LOADING
As a result of warping, a slab-on-grade will be exposed to a cantilever-effect type 
of loading, in the case of edge or comer loading. The cantilever effect generates 
cracks which propagate in the plane of the slab-on-grade.
Seven cases of loading are studied on a warped floor slab as shown in Figure 7.47. 
Different load placements are considered on a 20x20-ftjc6 inch slab, for which the 
concrete compressive strength, the concrete modulus of elasticity, the subgrade 
modulus, the equivalent temperature gradient, and Poisson’s ratio are kept the same 
for all cases of loading ( i j  =4000 psi, Ec =3600000 psi, lq = 200 pci, Te = 6°F/in, 
and v = .17 respectively). Figure 7.48 shows the contact area due to the warping 
effect only.
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Crack propagation and cracking patterns are monitored at incremental loadings for 
the different cases of loading. Surface cracks that exceed 2 inches in depth from the 
top surface are considered in this study.
The contact area between the soil and the concrete floor slab changes under the 
effect of loading. Usually the contact area increases due to the applied pressure, the 
shape of the contact area changes under different cases of loading, and the increase 
in the contact area increases the supporting reaction from the subgrade.
Load-deflection relationships are also monitored at either the comer or the edge 
of a floor slab. The effect of cracking and the increase in the contact area are 
represented in the load-deflection relationship for the cases of loading under study. 
The load-deflection relationship is represented at either point A, which has (0,0) 
coordinates, or point B, which has (120,24) coordinates as shown in Figure 7.47.
The deflected shape of the top surface of the slab-on-grade is represented by 
three-dimensional graphs. These graphs are plotted at the cracking load for the 
different cases of loading under study.
Figures 7.49 through 7.76 show the cracking pattern at the top surface of a floor 
slab, the contact area, the load-deflection relationship, and a three-dimensional 
representation for the deflected shape of the top surface of the floor slab, 
respectively, for each case of loading under study. Some selected load levels are 
considered to show the cracks’ propagation and the increase in the contact area for 
each case of loading. The load-deflection relationship is extended beyond the 
cracking load.
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7.7 CORNER LOADING
A load is applied at the corner of a floor slab similar to case LC-1. The effect of 
slab thicknesses t, subgrade modula, and equivalent temperature gradients Te on the 
cracking load is studied for the comer loading case. The following are to study the 
effect of t, kj, and Te on the cracking load for the 20x20-ft floor slab.
7.7.1 Effect of Slab Thicknesses 
Different values of slab thickness are considered in this case ( t = 3, 4, 6, and 8 
inches) while the concrete’s compressive strength, the concrete’s modulus of elasticity, 
Poisson’s ratio, the subgrade modulus, and the equivalent temperature gradient are 
kept constant ( ^= 4000  psi, EC=36D0000 psi, v = .17,1^=200 pci, and Te=6 °F/in).
Figure 7.77 shows the cracking patterns for different slab thicknesses. As the slab 
thickness increases, the mode of failure shifts from diagonal cracking to transversal 
cracking due to the increase in slab stiffness. Figure 7.78 shows cracking load versus 
slab thickness relation. The minimum value of cracking loads for the slab thickness 
studied applies to the 6*inch slab due to the combined effect of both diagonal and 
transversal cracks.
1.12 Effect of Subgrade Modula 
Different values of the subgrade modulus are considered in this study ( k,. = 50, 
100, 200, and 400 pci) while the concrete’s compressive strength, the concrete’s 
modulus of elasticity, Poisson’s ratio, the slab thickness, and the equivalent 
temperature gradient are kept constant ( i j  = 4000 psi, Ec = 3600000 psi, v =.17,
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t=  6 in, and Te = 6 °F/in respectively). The increase in the value of the subgrade 
modulus means an increase in the subgrade stiffness.
Figure 7.79 shows the effect of the subgrade modulus on the cracking load. As the 
modulus of the subgrade reaction increases, the subgrade becomes harder and the 
slab can hardly sink in the soil. Also the increase in the subgrade modulus decreases 
the contact area and increases the cantilever effect on the slab-on-grade. Figure 7.80 
shows the relationship between the subgrade modulus and the cracking load. As can 
be seen from Figure 7.80, the cracking load is inversely proportional to the subgrade 
modulus. If the modulus of subgrade increases up to a certain limit, the slab will 
crack (even before loading) due to its own weight under the effect of warping. 
7.73 Effect of Equivalent Temperature Gradients 
The moisture and temperature gradients are the main cause of warping of slab-on- 
grade. Therefore, the increase in the equivalent temperature gradient increases the 
upward deflection of the floor slab and consequently increases the cantilever effect 
on the floor slab. Different values of the equivalent temperature gradient are studied 
in this case ( Te = 0, 2, 4, and 6 °F/in), while the concrete’s compressive strength, 
the concrete’s modulus of elasticity, Poisson’s ratio, the slab thickness, and the 
subgrade modulus are kept constant ( f J  = 4000 psi, Ec = 3600000 psi, v =0.17, t= 
6 in, kj = 200 pci respectively).
Figure 7.81 shows the effect of the equivalent temperature gradient on the cracking 
load or, in other words, the effect of the warping of floor slabs on the slab’s strength 
under a corner case of loading. Figure 7.82 shows the inversely proportional
171
with permission of the copyright owner. Further reproduction prohibited without permission.
relationship between the cracking load and the equivalent temperature gradient. 
Beyond a certain limit of an equivalent temperature gradient, the slab cracks (even 
before loading) due to its own weight.
7.8 EDGE LOADING
A load is applied at the edge of a floor slab similar to the case LC-2 discussed 
before. The effect of slab thicknesses, subgrade modula, and equivalent temperature 
gradients is studied for the edge case of loading. The following are to study the effect 
of slab thicknesses, subgrade modula, and equivalent temperature gradients on the 
cracking load of a 20x20-ft floor slab.
7.8.1 EITect of Slab Thicknesses
The increase in the slab thickness increases the concrete’s rigidity. Different values 
of slab thickness are studied ( t = 3 ,4 ,6 , and 8 in), while the concrete’s compressive 
strength, the concrete’s modulus of elasticity, Poisson’s ratio, the subgrade modulus, 
and the equivalent temperature gradient are kept constant ( f'/ =4000 psi, Ec = 
3600000 psi, v =0.17, = 200 pci, and Te = 6°F/in respectively).
Figure 7.83 shows the effect of the increase in the slab thickness on the cracking 
load. As can be seen from Figure 7.82, the cracking patterns change from local to 
transversal as the slab thickness increases. Also the contact area decreases with the 
increase in the slab thickness as long as the equivalent temperature gradient is kept 
constant per inch of thickness. Figure 7.84 shows a relationship between the slab 
thickness and the cracking load for the edge case of loading.
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7.82  Effect of Subgrade Modula
The increase in the modulus of the subgrade reaction increases the cantilever 
effect on the slab-on-grade, and will cause the warped slab to crack at a lower 
loading level in the case of edge loading. Different values of the subgrade modulus 
are studied ( 1^  = 50, 100, 200, and 400 pci), while the concrete’s compressive 
strength, the concrete’s modulus of elasticity, Poisson’s ratio, the slab thickness, and 
the equivalent temperature gradient are kept constant ( i j  = 4000 psi, Ee = 3600000 
psi, v =0.17, t=6 in, and Te = 6°F/in respectively).
Figure 7.85 shows the effect of an increase in the modulus of the subgrade reaction 
on the cracking load of slab-on-grade under the edge case of loading. The increase 
in the subgrade modulus changes the cracking patterns from local to transversal as 
shown in Figure 7.85. The contact area decreases with the increase in the subgrade 
modulus and decreases the support effect from the subgrade. Figure 7.86 shows the 
inversely proportional relationship between the cracking load and the subgrade 
modulus under the edge case of loading.
7.83 Effect of Equivalent Temperature Gradients
The effect of the equivalent temperature gradient is the same as the effect of 
warping on the cracking load of the slab-on-grade. Different values of the equivalent 
temperature gradient are studied ( Te = 0, 2, 4, and 6 °F/in), while the concrete’ 
compressive strength, the concrete’ modulus of elasticity, Poisson’s ratio, the slab 
thickness, and the subgrade modulus are kept constant ( f j  = 4000 psi, Ec = 3600000 
psi, v =0.17, t = 6 in, and lq. = 200 pci, respectively).
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Figure 7.87 shows the effect of equivalent temperature gradients on the cracking 
load under the edge case of loading. For the first two cases in Figure 7.87 the cracks 
start at the bottom surface of the floor slab. Figure 7.88 shows a relationship between 
the cracking load and the equivalent temperature gradient. The curve in Figure 7.88 
shows the effect of the equivalent temperature gradient on the cracking load. The 
increase in the contact area increases the support effect from the subgrade and 
decreases the cantilever effect on the slab-on-grade.
7.9 PARALLEL-VECTOR COMPUTATIONAL TIMING
Parallel computation executes several computational tasks at the same time by a 
specified number of processors ( refer to section 2.4 in Chapter 2 for the definitions 
of the computational speedup and efficiency). One case, free warping case #1, is 
considered to study the computational CPU timing using 1,2, and 4 processors. Table
7.9 shows a  summary of the computational timing for the solution of the system of 
simultaneous equations on the Cray-2 ( Voyager) using a SECOND timing routine. 
The speedup and the efficiency are calculated from equations 2.29 and 2.30 in 
chapter 2. Figures 7.89 and 7.90 show the representation of the speedup and 
efficiency, respectively.
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Table 7.1: List of Floor Slabs Considered for Comparison.
Slab Dimensions (in) Max. Te Measurements
Number X-Axis Y-Axis Z-Axis C F /in ) Earliest(Hours)
Latest
(Days)
1 258. 330. 4. 6. 5. 7.
2 180. 216. 4. 6. 5. 7.
3 180. 228. 4. 6. 5. 7.
4 312. 336. 4. 6. 5. 7.
5 330. 336. 4. 6. 5. 1.
6 312. 252. 4. 6. 5. 1.
7 192. 192. 4. 6. 5. 1.
8 156. 180. 4. 6. 5. 1.
9 168. 276. 4. 6. 5. 3.
10 306. 230. 4. 6. 5. 3.
11 186. 96. 4. 6. 5. 7.
12 216. 288. 4. 6. 5. 7.
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Table 7.2: Slab Displacements For Various Equivalent Temperature Gradients.
Diagonal 
Dist (in)
Equivalent Tem jerature Gradient Te (°F/in)
0.0 2.0 4.0 6.0 8.0
0.00 -0.00252 0.01778 0.06383 0.13664 0.20234
33.94 -0.00252 0.00184 0.01998 0.05609 0.08740
67.88 -0.00252 -0.00433 -0.00205 0.00913 0.01787
101.82 -0.00252 -0.00481 -0.00753 -0.00848 -0.00995
135.76 -0.00252 -0.00376 -0.00637 -0.01034 -0.01397
169.70 -0.00252 -0.00324 -0.00537 -0.00949 -0.01310
203.64 -0.00252 -0.00376 -0.00637 -0.01034 -0.01397
237.58 -0.00252 -0.00481 -0.00753 -0.00848 -0.00995
271.52 -0.00252 -0.00433 -0.00205 0.00913 0.01787
305.46 -0.00252 0.00184 0.01998 0.05609 0.08740
339.41 -0.00252 0.01778 0.06383 0.13664 0.20234
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Table 7.3: Slab Displacements For Various Concrete Modula of Elasticity.
Diagonal 
Dist. (in)
Concrete Modulus Of Elasticity Ec (Ksi)
3,000. 4,000. 5,000.
0.00 0.12244 0.14472 0.16165
33.94 0.04743 0.06110 0.07175
67.88 0.00566 0.01122 0.01586
101.82 -0.00827 -0.00856 -0.00864
135.76 -0.00854 -0.01148 -0.01412
169.70 -0.00734 -0.01090 -0.01426
203.64 -0.00854 -0.01148 -0.01412
237.58 -0.00827 -0.00856 -0.00864
271.52 0.00566 0.01122 0.01586
305.46 0.04743 0.06110 0.07175
339.41 0.12244 0.14472 0.16165
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Table 7.4: Slab Displacements For Various Subgrade Modula.
Diagonal 
Dist. (in)
Modulus of Subgrade Reaction k* (pci)
50.0 100.0 200.0 400.0 800.0
0.00 0.15083 0.14807 0.13664 0.12580 0.11659
33.94 0.06059 0.06227 0.05609 0.04962 0.04397
67.88 0.00364 0.00986 0.00913 0.00717 0.00523
101.82 -0.02458 -0.01342 -0.00848 -0.00589 -0.00430
135.76 -0.03455 -0.01941 -0.01034 -0.00510 -0.00230
169.70 -0.03654 -0.01994 -0.00949 -0.00361 -0.00088
203.64 -0.03455 -0.01941 -0.01034 -0.00510 -0.00230
237.58 -0.02458 -0.01342 -0.00848 -0.00589 -0.00430
271.52 0.00364 0.00986 0.00913 0.00717 0.00523
305.46 0.06059 0.06227 0.05609 0.04962 0.04397
339.41 0.15083 0.14807 0.13664 0.12580 0.11659
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Table 7.5: Slab Displacements For Various Concrete Slab Thicknesses.
Diagonal 
D ist (in)
Concrete Slab Thickness t (in)
3.0 4.0 6.0 12.0 24.0
0.00 0.03825 0.05776 0.13664 0.27673 0.32269
33.94 0.00377 0.01071 0.05609 0.14807 0.17701
67.88 -0.00404 -0.00541 0.00913 0.05322 0.06486
101.82 -0.00215 -0.00482 -0.00848 -0.00809 -0.01345
135.76 -0.00108 -0.00212 -0.01034 -0.03973 -0.05897
169.70 -0.00099 -0.00121 -0.00949 -0.04875 -0.07290
203.64 -0.00108 -0.00212 -0.01034 -0.03973 -0.05897
237.58 -0.00215 -0.00482 -0.00848 -0.00809 -0.01345
271.52 -0.00404 -0.00541 0.00913 0.05322 0.06486
305.46 0.00377 0.01071 0.05609 0.14807 0.17701
339.41 0.03825 0.05776 0.13664 0.27673 0.32269
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Table 7.6: Effect of Coupling Nodal Springs
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0.00 0.13664 -0.00081 -0.00251 -0.00071 -0.00252
33.94 0.05609 -0.00111 -0.00247 -0.00099 -0.00252
67.88 0.00913 -0.00330 -0.00239 -0.00331 -0.00252
101.82 -0.00848 -0.00463 -0.00235 -0.00496 -0.00252
135.76 -0.01034 -0.00449 -0.00297 -0.00554 -0.00252
169.70 -0.00949 -0.00419 -0.00506 -0.00680 -0.00252
203.64 -0.01034 -0.00449 -0.00829 -0.00925 -0.00252
237.58 -0.00848 -0.00463 -0.00768 -0.00806 -0.00252
271.52 0.00913 -0.00330 0.00922 0.00935 -0.00252
305.46 0.05609 -0.00111 0.05565 0.05628 -0.00252
339.41 0.13664 -0.00081 0.13580 0.13688 -0.00252
1 See Figures 7.34 through 7.38 for the definition of cases
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Table 7.8: Slab Displacements For Various Stiffnesses of Joint Support.
Diagonal 
Dist (in)
Stiffness of Joint Support kj (pci)
0.0 208.0 1042.0 2083.0 20833.0
0.00 0.13664 0.12460 0.09391 0.07011 0.01787
33.94 0.05609 0.05066 0.03268 0.01967 -0.00129
67.88 0.00913 0.00779 0.00016 -0.00425 -0.00663
101.82 -0.00848 -0.00811 -0.00894 -0.00893 -0.00554
135.76 -0.01034 -0.00975 -0.00814 -0.00745 -0.00395
169.70 -0.00949 -0.00912 -0.00752 -0.00718 -0.00388
203.64 -0.01034 -0.00975 -0.00814 -0.00745 -0.00395
237.58 -0.00848 -0.00811 -0.00894 -0.00893 -0.00554
271.52 0.00913 0.00779 0.00016 -0.00425 -0.00663
305.46 0.05609 0.05066 0.03268 0.01967 -0.00129
339.41 0.13664 0.12460 0.09391 0.07011 0.01787
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Table 7.9: 2Gx20-ftx6.inch Slab, Case # 1 , Computational Timing.




1 3.450 1 100%
2 1.791 1.926 96.30%
4 .9982 3.456 86.41%
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Fig. 7.1: Comparison of the Finite Element Results (present) with the 
Theoretical Results After Leonards and Harr [28], and the 
Experimental Measurements After Hatt [27].
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Fig. 7.2: Slab Number 1.
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Fig. 7.3: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 1.
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Fig. 7.4: Slab Number 2.
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Fig. 7.5: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 2.
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Fig. 7.6: Slab Number 3.
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Fig. 7.7: Comparison of the Finite Element Results 
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Fig. 7.8: Slab Number 4.
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Fig. 7.9: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 4.
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Fig. 7.10: Slab Number 5.
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Fig. 7.11: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 5.
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Fig. 7.12: Slab Number 6.
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Fig. 7.13: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 6.
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Fig. 7.14: Slab Number 7.
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Fig. 7.15. Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 7.
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Fig. 7.16: Slab Number 8.
199
400.00












-0 .02  -
-0 .10
10.000.00 20.00 30.00 40.00
Diagonal Distance (ft)
Fig. 7.17: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 8, Profile in
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Fig. 7.18: Slab Number 9.
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Fig. 7.19: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 9.
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Fig. 7.20: Slab Number 10.
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Fig. 7.21: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 10.
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Fig. 7.22: Slab Number 11.
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Fig. 7.23: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 11.
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Fig. 7.25: Comparison of the Finite Element Results with the 
Experimental Measurements - Slab Number 12.
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Fig. 7.26: Comparison of Warping Between the Finite Element Results 
and the Experimental Measurements Before Loading - Slab 2.
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Fig. 7.27: Comparison of the loaded slab Between the Finite Element 
Results and the Experimental Measurements - Slab 2.
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Fig. 7.28: Theoretical Results Presentation of Slab 2 Before and at 
Loading.
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Fig. 7.29: Effect of Temperature and Moisture Gradients on Warping 
of Floor Slabs.
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Fig. 7.30: Effect of Concrete Modula of Elasticity on Warping of Floor 
Slabs.
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Fig. 7.31: Effect of Modula of Subgrade Reaction on Warping of Floor 
Slabs.
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Fig. 7.32: Effect of Slab Thicknesses on Warping of Floor Slabs.
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Fig. 7.33: Effect of Coupling Nodal Springs on Warping of Floor Slabs.
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Fig.7.39: Deflection in the Diagonal Direction for the Cases Shown 
in Figs 7.34 through 7.38.
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Fig. 7.44: Top Surface Deflected Shape Where the Horizontal Rigidity,



















Fig. 7.45: Effect of Horizontal Support Rigidity, kj.
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Fig. 7.47: Cases of Loading.
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X
e.) Case LC-5. f.) Case LC-6.
A ( 0, 0 )
g.) Case LC-7, 
Fig. 7.47: Cases of Loading (cont’d).
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Fig. 7.48: Contact Area Due to the Warping Effect Only.
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Fig. 7.49: Cracks Propagation - Case LC-1.
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Fig. 7.50: Contact Area - Case LC-1.
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Fig. 7.51: Load Deflection Relation at Point A - Case LC-1.
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Fig. 7.53: Cracks Propagation - Case LC-2.
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Fig. 7.54: Contact Area - Case LC-2.
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Fig. 7.55: Load-Deflection Relation at Point B - Case LC-2.
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Fig. 7.57: Cracks Propagation - Case LC-3.
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Fig. 7.58: Contact Area - Case LC-3.
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Fig. 7.59: Load-Deflection Relation at Point A - Case LC-3.
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Fig. 7.61: Cracks Propagation - Case LC-4 .
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Fig. 7.62: Contact Area - Case LC-4.
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Fig. 7.63: Load-Deflection Relation at Point A - Case LC-4.
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Fig. 7.65: Cracks Propagation - Case LC-5.
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Fig. 7.66: Contact Area - Case LC-5.
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Fig. 7.67: Load-Deflection Relation at Point A - Case LC-5.
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c.) P = 21.0 kips. d.) P = 27.0 kips.
K  Cracked Element Q  Uncracked Element 
Fig. 7.69: Cracks Propagation - Case LC-6.
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Fig. 7.70: Contact Area - Case LC-6.
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Fig. 7.71: Load-Deflection Relation at Point B - Case LC-6.
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c.) P = 3.0 kips. d.) P = 4.5 kips.
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Fig. 7.73: Cracks Propagation - Case LC-7.
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Fig. 7.74: Contact Area - Case LC-7
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- 0.00 0.05 0.10 0.15
Deflection (in)
Fig. 7.75: Load-Deflection Relation at Point A - Case LC-7.
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X (in)
Fig. 7.76: De
fleeted Shape - Case LC-7.
a.) t = 3 in at P = 10.8 kips. b.) t = 4 in at P -  7.8 kips.
c.) t = 6 in at P = 4.0 kips. d.) t = 8 in at P = 5.75 kips.
|  Cracked Element [ ~ |  Uncracked Element
Fig. 7.77: Effect of Slab Thicknesses on Cracking Patterns Under 
Comer Loading.
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3  6.00 o<auu
4.00
2.00
0.00 2.00 4.00 6.00 8.00 10.00
Thickness (in.)
Fig. 7.78: Slab Thickness - Cracking Load Relation Under Corner 
Loading.
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a.) kj = 50 pci at P = 4.75 kips. b.) k, = 100 pci at P = 4.4 kips.
c.) kj = 200 pci at P = 4.0 kips. d.) k, = 400 pci at P = 2.0 kips.
|  Cracked Element Uncracked Element
Fig. 7.79: Effect of Subgrade Modula on Cracking Patterns Under 
Comer Loading.
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100.00 200.00 300.00 400.00 500.000.00
Subgrade Modulus (pci)
Fig. 7.80: Modulus of Subgrade Reaction - Cracking Load relation 
Under Corner Loading.
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a.) Te = 0 °F/in at P = 26. kips. b.) Te = 2 °F/in at P = 18 kips.
c.) Te = 4 °F/in at P= 11.2 kips. d.) Te = 6 °F/in at P = 4 kips.
Cracked Element | | Uncracked Element
Fig. 7.81: Effect of Equivalent Temperature Gradients on Crackine 
Patterns Under Comer Loading.
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Temperature Gradient ( F /in )
Fig 7.82: Equivalent temperature Gradient - Cracking Load Relation 
Under Comer Loading.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
a.) t = 3 in at P = 54, kips. b.) t = 4 in at P = 60. kips.
c.) t = 6 in at P = 24 kips. d.) t = 8 in at P = 21. kips.
I  Cracked Element Q  Uncracked Element 
f a d in g ' EffeC‘ ° f S'ab Thickmses on Cracki" I  Under Edge
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0.00 2.00 4.00 6.00 8.00 10.00
Thickness (in)
Fig. 7.84: Slab Thickness - Cracking load Relation Under Edge 
Loading.
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c.) kj = 200 pci at P = 24.0 kips. d.) k* = 400 pci at P = 9 kips.
|  Cracked Element Uncracked Element
Fig. 7.85: Effect of Subgrade Modula on Cracking Patterns Under 
Edge Loading.
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100.00 200.00 300.00 400.00 500.000.00
Subgrade Modulus (pci)
Fig. 7.86: Modulus of Subgrade Reaction - Cracking Load Relation 
Under Edge Loading.
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a.) Te -  0 °F/in at P=51. kips. b.) Te = 2 °F/in at P=66. kips.
c.) Te -  4 °F/in at P=90. kips. d.) Te = 6 °F/in at P=24 kips.
m  Cracked Element Q ]  Uncracked Element
Fig. 7.87: Effect of Equivalent Temperature Gradients on Cracking 
Patterns Under Edge Loading.
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2.00 4.000.00 6.00 8.00
Temperature Gradient ( F /in )
Fig. 7.88: Equivalent Temperature Gradient - Cracking Load Relation 
Under Edge Loading.
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Fig. 7.90: Computational Efficiency for Free Edges Slab-On-Grade 
Problem, Case #1.
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CHAPTER EIGHT 
8. CONCLUSIONS AND RECOMMENDATIONS
8.1 CONCLUSIONS
8.1.1 Truss Problem
The following is a summary of conclusions regarding the materially nonlinear 
analysis of truss structures :
a.) The proposed procedure results are verified with a reliable finite element code 
(NASTRAN) for the different cases of stress-strain functions.
b.) The proposed procedure is simple and favorable in computational timing.
c.) The load applied on the structure does not have to be incremental.
d.) The proposed procedure can handle a variety of stress-strain functions.
8.1.2 Slab-On-Grade Problem
The following is a summary of conclusions regarding the experimental and the 
theoretical analysis of the slab-on-grade problem:
a.) The finite element method has good potential to analyze theoretically the slab-on- 
grade problem.
b.) The finite-element results (present) compared well with existing theoretical and 
experimental measurements, as well as the experimental measurements (for most of 
the cases studied).
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c.) The warping of the slab-on-grade starts as early as placing fresh concrete on the 
subgrade or sub-base.
d.) Joints and boundaries have major effect on the mechanism of warping of floor 
slabs.
e.) The warping of floor slabs causes patterned cracks.
f.) The warping of floor slabs leads to partial contact with the ground and increases 
the cantilever effect on the floor slabs.
g.) The following are factors that increase the warping of the slab-on-grade:
1.) The positive increase in the moisture and temperature gradients.
2.) The increase in the concrete’s modulus of elasticity (the rigidity of the 
concrete slab and the strength).
3.) The decrease in the modulus of the subgrade reaction.
4.) The increase in slab thickness as long as the positive moisture and 
temperature gradients are kept constant.
h.) The partial support provided by the subgrade or sub-base decreases due to the 
following factors:
1.) The positive increase in the moisture and temperature gradients.
2.) The increase in concrete slab rigidity.
3.) the increase in floor slab thickness.
i.) The increase in the modulus of the subgrade reaction increases the cantilever 
effect on the slab-on-grade.
j.) The coupling os soil nodal springs has a  minor effect on the warping of floor slabs.
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k.) The increase in the rigidity of the joint support of floor slabs decreases the 
warping and increases the value of induced tensile stresses.
I.) The corner case of loading is the most critical case for a warped slab.
m.) The mechanism of failure for floor slabs is not unique but depends on the
loading system.
n.) The parallel-vector analysis of the slab-on-grade showed good computational 
timing.
82  RECOMMENDATIONS FOR FURTHER STUDIES
8.2.1 Truss problem 
The following are recommendations for further studies:
a.) Incorporate geometrical nonlinear routines along with the proposed procedure to 
solve for material nonlinearity.
b.) Incorporate a parallel-vector code for the generation of element stiffness and the 
assembly of a global stiffness matrix.
c.) Modify the proposed procedure for a materially nonlinear analysis of dynamic 
problems.
$23. Slab-On-Grade
The following are recommendations for further studies:
a.) Study the effects of dowels in terms of dowel spacing, steel bar diameter, and the 
embedment lengths.
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b.) Study the effect of steel reinforcement ( in terms of bar diameter, bar spacing, 
location of reinforcement bars, and concrete-steel bonding) on the warping of floor 
slabs, under different cases of loading.
c.) Analyze prestressing reinforcement in a slab-on-grade.
d.) Conduct experimental measurements for the moisture and temperature gradients.
e.) Re-evaluate the design methods that are currently in use and suggest, if possible, 
some modifications to account for floor-slab warping.
f.) Generate design charts that take into account the warping of a slab-on-grade.
h.) Extend the concept presented in the present study to the rigid pavements for 
highways and airport runways.
i.) Create comprehensive experimental studies for the warping of a slab-on-grade 
under different specified conditions.
j.) Incorporate a general nonlinear soil model.
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APPENDIX A
DETAILED SOLUTIONS OF MATERIALLY NONLINEAR TRUSS
STRUCTURES
A.1 DETERMINATE TRUSS
The following is a detailed solution for materially nonlinear analysis of a simple 
three-bar truss ( example 1, given in chapter two Figure 2.3) using the proposed 
procedure. The solution follows the steps in the algorithm presented in Chapter Two 
Section 2.3.3. The stress - Strain data points are given in Table 2.3.
Set the current modulus of elasticity, E, equals to the initial modulus of elasticity,
Step 0:
E j - E o-29985.0 ksi (A.1)
E 2-E o2-29985.0 tei (A.2)
E3-E o3-29985.0 ksi (A.3)
where Ej is the modulus of elasticity of the element i ( i= 1,2,3) 
Step 1:
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2j-2 (3 )-6 (A.4)
m+r-3+3-6 (A.5)
since 2j = m+r, the structure is statically determinate, where j = number of joints, m 
= number of elements, r = unknown reactions.
Step 2:
Generate the element stiffness matrix for each member using Eq. 2.2, where the 
angle a for each element is given as follows:
(A .6)
a , -126.87 (A.7)
a 3-180.0 (A.8)
hence the element stiffness matrix
0 0 0 0
0 1 0 - 1  
0 0 0 0
0 - 1 0 1
(A.9)
0.36 -0.48 -0.36 0.48 
2E , -0.48 0.64 0.48 -0.64
I T -0.36 0.48 0.36 -0.48
0.48 -0.64 -0.48 0.64
(A. 10)
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2 E ,
1 0 - 1 0  
0 0 0 0
- 1 0  1 0  
0 0 0 0
(A.11)
where [k] { is the element stiffness matrix for the element i (i = 1,2,3)- The global 






0.064E.2 -0.0853E2 0.1667E j+0.0853E2
(A.12)






Solve system of linear equations in the form 
{F)-[K]{D) (A. 14)
where {F} = load vector, [K] = global stiffness matrix, and {D} = displacement 
vector.
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The forces and stresses can be calculated from the element stiffness matrix and 
displacements.
cr ,--45.0  ksi (A. 16)
u 2-56.25 ksi (A.17)
-33.75 ksi (A.18)
Step 3:
From the stress-strain table
e ,— 0.002875 (A. 19)
e,-0.004095 (A.20)
e 3— 0.001810 (A.21)
Step 4:
The equivalent modulus of elasticity for each element can be calculated using Eq. 
2.16.
E . .- -----1^2— -15652.2 ksi (A.22)
J>1 -0.002875 v '
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E._— 5625 13736.3 ksi
J’2 0.004095
(A.23)













1,2   j.2
-0.0853E,, 0.l667Ej. +0.0853E.,Ji1 Jt*
(A.25)
Step 6:











The results are the displacements, stresses, and forces.
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A 2  INDETERMINATE TRUSS STRUCTURE 
The following is detailed solution for materially nonlinear statically indeterminate 
simple truss shown in Figure 2.12. The stress - strain data points are given in Table 
2.3. The solution follows the steps given in Section 2.3.3 - Chapter Two.
Step 0:
Set the current modulus of elasticity, E, equals to the initial modulus of elasticity
E r E0 l-29985.0 ksi (A.27)
e ^ - E o , 2 " 2 9 9 8 5 -0 (A.28)
E3“Eo3-29985.0 ksi (A.29)
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The element stiffness matrix is the same as in the previous example. The global 
stiffness matrix can be assembled from the element stiffness matrices [k] „ [k] 2, and 










Solve for the displacements dl, and d2.
r '
.dl » < -0.10637
d2 -0.03602
(A.34)
The stresses and forces can be calculated from the element stiffness matrix and the 
displacements.







Calculate the strains for each element
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e . - — -0.00150 (A.38)
' E.i
e 2- — -0.001876 (A.39)
E,2
e 3- ^ l -0.0 (A.40)
E ,3
Step 12:
From the stress - strain table find the stresses corresponding to the strains 
calculated in step 11.
a . -30.0 ksi (A.41)
a 2-34.5 ksi (A.42)
o 3^—0.0 ksi (A.43)
Step 13:
Since ITER = 1 (Odd number) hence 
Ej t - —i-19996.0 ksi (A.44)
e.i
Eu - ^ £ - 18397.8 ksi (A.45)
C,2
Eli3-E o3-29985.0 ksi (A.46)
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E .1-E U
E 2 " E 1,2
E 3 _ E 1,3
Step 15:
Check the convergence 
Step 16:



























From the stress - strain table, find the stresses corresponding to the strains 
calculated in step 11.
a j—39.0 ksi (A.58)
a , - 46.7 ksi (A.59)
a^-0.0 ksi (A.60)
Step 14:
Since ITER =2 (Even number)
E21- — -17333.7 ksi (A.61)
e,i
E , , - — -15268.2 ksi (A.62)
e .2
E,3-E 03-29985.0 ksi (A.63)
From Eq. 2.27
E j - 16366.6 ksi (A.64)
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E , - 14110.1 ksi (A.65)»•*
E 3-29985.0 ksi (A.66)
Set new values for the initial modulus of elasticity
Ea l- E ,  (A.67)






Repeat steps 10-17. Stop if the tolerance is less than lO-08, or if the number of
iterations equals to the given maximum number of iterations. For this particular
example, the solution converges in the sixth iteration. The displacements are
(A.71)
*
■ dl • «-0.222562
d2 -0.069003
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APPENDIX B 
STRESS AND STRAIN INVARIANTS
B.1 STRESS INVARIANTS
By definition the shear stress at a point inside the material vanishes on a principal 
plane defined by the principal direction n; of a principal stress a. Thus, the stress 
vector Tj at this point must point in the direction of the normal ns to the principal 
plane such that T ^on ;. For such a direction, we would have
(a.r afiij)ni-0 (B.l)
where the stress tensor a  ^ is related to the stress vector Tj at the point through the 
Cauchy formula and <5jj=5jS is the Kronecker delta, which is defined as being
equal to 1 if i equals to j and 0 otherwise. Equation (B.l) is a  set of three linear 
homogeneous equations for (nj,n2,n3). This set has solution if and only if the 
determinant of the coefficients vanishes.
I V a<sijI_0 (B*2)
or
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which is a cubic equation for a with three real roots,
a 3- I la 2+I2a-I3-0
where
I I —a- +cr +a -a..x y  2 II
(B.4)




a r TX xy xz
T Ty* y yz
r T azx zy z
1 1T13
3 u *  Ki 2 u j* 6
(B.7)
If the coordinate axes are chosen to coincide with the principal axes n;, one finds the 
simpler forms
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11- a 1+a2+a3 (B.8)
12-(a1a 2+a2o 3+a3o I) (B.9)
(B.10)
where II, 12 and 13 are the first, second, and third invariants of stress tensor, 
respectively.
Since the principal stresses can not depend on the choice of coordinate axes, the 
quantities II, 12, and 13 can not change if the coordinate system is redefined, hence 
they are referred to as invariants of stress tensor 
The stress tensor a-^  can be expressed as the sum of a purely hydrostatic ( 
spherical) stress crm and a deviation from the hydrostatic state SH
D i j - V f f m 5 ij ( B *n >
where
a - —(o +a +a a  - —Il (B.12)m ^ x y 3 3
represents the mean stress or the pure hydrostatic stress and
S..-cr..-CT 8- (B.13)ij ij mi j  v 7
is termed the deviatoric stress which represents a state of pure shear.
To obtain the invariants of the deviatoric stress tensor S ,^ a derivation similar to 
that used to equation (B.4). Thus, we can write
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which has the cubic equation
S3-J1S2-J2S-J3~0 (B.15)
where
J l-S .-S  +S +S -0ii x  y  z (B.16)
J2“^ SijSj i - | f ( £Tx-Cry)2+(a y-CTz)2+K - Crx)2] + Txy2+V 2+T«2 (B.17)
J 3 " |SuSA -
S T Tx xy xz
T S Tyx y  yz
T T Szx zy z .
(B.18)
As a consequence of the decomposition of equation (B.13), the principal directions 
of cr-j and are identical. If the coordinate axes x,y, and z coincide with the principal




where J l, J2, and J3 are the first, second and third invariant of stress deviator tensor, 
respectively.
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B2 STRAIN INVARIANTS
Because the stress tensor ayj and strain tensor are both second-order tensor, the 
derivation of principal strains and strain invariants are analogous to their stress 
counterparts. One obtains the strain invariants I I ' ,  12', and 13' in terms of principal 
strains form
Il'-ej+fij+tj (B.22)
O '-e  jfij+e^+ejej (B.23)
I3/-e 1e2e3 (B.24)
The invariants of the deviatoric strain in terms of the principal strains are
J l /-e 1+e2+e3-0 (B.25)
J2/- | [ ( e 1-e2)2+(e2-e3)2+{e3-e 1)2] (B.26)
J3/-e 1e2e3 (B.27)
where, e is the deviatoric strain.
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APPENDIX C 
Materially Nonlinear Truss 
Computer Programs Listing
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